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Abstract

In this paper, we describe an efficient decomposition algorithm for parameter estimation of linear dynamical systems
with the state-space formulation which contain a “drive” term as a free, unknown system parameter. The dynamical system
can be viewed as a natural extension from the discrete-state hidden Markov model to its continuous-state counterpart. The
focus of this paper is on unified techniques for efficient estimation of the parameters of such a model. The Expectation-
Maximization (EM) algorithm is developed, in conjunction with the conventional Kalman smoothing estimators, for
estimating the system parameters by maximum likelihood. The algorithm developed is applicable to either stationary or
non-stationary version of the dynamic system. In particular, a decomposition technique is described in detail and is shown
to reduce effectively the computational load in parameter estimation for high-dimensional systems. Simulation results are
presented which demonstrate the accuracy of the proposed parameter estimation technique. (© 1997 Elsevier Science B.V.

Zusammenfassung

Dieser Artikel beschreibt einen effizienten Zerlegungsalgoritmus zur Parameterschitzung linearer dynamischer Sys-
teme. Es wird eine Zustandsranmdarstellung gewihlt, die einen “Anregungsterm” als freien, unbekannten Systemparameter
enthilt. Das dynamische System kann als eine natiirliche Erweiterung der zustandsdiskreten Modellierung mit verdeck-
ten Markow Prozessen (HMM) zum zustandskontinuierlichen Gegenstiick betrachtet werden, Ein EM-Algorithmus zur
Maximum-Likelihood-Schitzung der Systemparameter wird in Verbindung mit konventionellen Schitzern mittels Kalman—
Glittung entwickelt. Das Verfahren ist sowohl auf eine stationdre, wie nichtstationiire Version des dynamischen Systems
anwendbar. Eine Zerlegungstechnik wird detailliert beschrieben und es wird gezeigt, daB diese den Rechenaufwand zur Pa-
rameterschitzung bei hochdimensionalen Systemen erheblich reduziert. Es werden ferner Simulationsergebnisse prisentiert,
die die Genauigkeit der vorgestellten Parameterschitzungsmethode demonstrieren. © 1997 Elsevier Science B.V.

Résumé

Dans cet article, nous décrivons un algorithme efficace de décomposition d’estimation des paramétres de systémes
lindaires, ayant une formulation dans P’espace d’état qui contient un terme “d’entrainement” comme paramétre inconnu
et libre du systéme. Le systéme dynamique peut &re vu comme une extension naturelle du modéle de Markov caché
avec états discrets 4 sa contre-partie avec états continus. Dans cet article, I’accent est mis sur les techniques unifiées
pour I’estimation efficace des paramétres d’un tel modéle. L’algorithme de Maximisation d’Espérance est développé, en
conjonction avec les estimateurs d’adoucissement de Kalman conventionnels, pour estimer les parametres du systéme a
I’aide du maximum de vraisemblance, L’algorithme développé peut étre appliqué aux versions stationnaires aussi bien que
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non-stationnaires du systéme dynamique. En particulier, on décrit en détail une technique de décomposition et on montre
qu’'elle réduit efficacement la charge de calcul lors de I’estimation des systemes de dimension élevée. Des résultats de
simulations sont présentés, qui montrent le précision de la technique d’estimation de paramétres proposée. © 1997 Elsevier
Science B.V.
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1. Introduction

The focus of the study reported in this paper is to develop a unified technique for parameter estimation of
linear dynamic systems. In particular, we are interested in efficient methods for parameter estimation for high-
dimensional systems. The interest in the dynamic systems and in the associated parameter estimation problem
has arisen from several different disciplines. In statistics, linear regression techniques can be generalized to
include temporal evolution of the input variable obeying laws governed by an autoregressive process. This
generalization of the regression model unfolding in time gives rise to a linear dynamic system model. In
control theory, the dynamic system has been widely used as a model for noisy observations on stochastic
linearly behaved physical plants. In signal processing, a dynamic system can be viewed as a continuous-state
counterpart of the conventional discrete-state hidden Markov model; the latter has found successful applications
in speech processing and other signal processing areas (cf. [22]).

The success of the dynamic system model, when applied to the various disciplinary areas, depends strongly
on the degree to which the model represents the true physical process being modeled. The linear form of
the dynamic system model has the advantage of the mathematical tractability and (arguably) is a reasonably
good representation of the global characteristics of many physical processes. Once the structure of a dynamic
system is fixed (linear form in many practical applications), then the only factor determining how well the
model represents a particular physical process being modeled is the parameters of the system.

Because of the significance of the parameter estimation problem discussed above and due to its well-known
difficulties, we devote the current study to a unified maximum-likelihood-based approach to the problem’s
solution. First, we develop in this study an Expectation-Maximization (EM) algorithm, which includes Kaiman
smoothing estimators as an integrated component, and then we further develop a computationally efficient
technique based on the principle of decomposing a high-dimensional system into several low-dimensional ones.
The decomposition technique is demonstrated to have significantly reduced the computational requirement in
parameter estimation in our simulation experiments reported in this paper.

2. Linear dynamic system and the associated EM algorithm

We study the linear dynamic system given by
Xpp1 = Axg + T + wy, i = Cxy + g, Exo=po,  E(xoxy) =Py, (1)

where x; € #" is a state vector, y; € #™ is an output vector, wy and v; are uncorrelated zero-mean Gaussian
vectors with covariances E(wyw]) = Q and E(vxv]) = R, respectively. Parameter T can be interpreted as an
abstract ‘drive’ force of or control input to the system.

In parameter estimation problems based on maximum likelihood, it is usually more convenient to work with
the negative of the logarithm of the likelihood function [21]. It is possible to do so because the logarithm is
a monotonic function. The cost function for the system (1) with respect to 0 is

J(g) = —logL(x, y=9)3 (2)

where 0 is a vector of unknown parameters in 4,7, C, O, R.
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In order to develop a procedure for estimating the parameters in the state-space model defined by (1), we
note first that the joint log likelihood of x = [xpxy,...,xn], ¥ = [¥o¥1,-.., yn] can be written in the form [25]

N
1 -
log L(x, y,8) = —5 D _log @ + (x¢ — Axe—t = T)'Q ™' (v — Ax—1 = T)
k=1

N
1
-3 }: logR + (yx — Cxx)"R~ (3% — Cxi) + constant. 3)
k=0

We assume that there are no constraints on the structure of the system matrices. When the states are
unobservable, the forecasting and smoothing forms of the Kalman filter will be used to estimate the unobserved
(continuously valued) states x;. The forecast and smoothed values in the Kalman filter estimator will depend
on the initial values assumed for the system parameters. The new estimates for the system parameters can be
obtained by an iterative technique using the Expectation-Maximum (EM) algorithm.

The EM algorithm is a two-step iterative scheme for maximizing the likelihood function. Each iteration of
the EM algorithm involves two steps called the Expectation step (E-step) and the Maximization step (M-step).
A formal introduction of the EM algorithm appeared in [4]. Since then, many research works, with the focus
of applications in particular, have been published in the literatures [7, 8, 11, 17,24, 3, 15]. The EM algorithm
guarantees an increase (or strictly non-decrease) of the likelihood upon each iteration of the algorithm and
guarantees convergence of the iteration to a stationary point for an exponential family [4]. In the E-step,
conditional expectation of log joint likelihood between x and y, given observation y, is computed, and, in
the case of hidden state x, sufficient statistics containing data series x;, £ = 1,2,..., N, are estimated which
are conditioned also on y. The results of the E-step are then used to obtain a new estimate of 6(4,7,C, Q,R)
in the so called M-step. The new estimate is then fed back to the E-step, and the E-step and the M-step
iterate themselves until convergence. The convergence properties of the EM algorithm have been discussed
in [2,26]. We now apply the EM algorithm to our dynamic system model (1).

2.1. E-step

The E-step of the EM algorithm is to compute the conditional expectation of logL(x, y) given y. The
expectation is defined over the joint space x and y. However, the conditioning on y eliminates the y space
in the expectation, and hence the conditional expectation is effectively taken over (hidden) space x only.

The conditional expectation can be written as

U(x, y,0) = E{log L(x, y)| v}
N N+1 1 & _ j _
== logQ — — logR — 3 I;Eﬁ[e}{;Q Yert|y] — 3 ;EN{@&R Yeralyl, 4
where e = xg41 —Axg — T, ez = yp — Cxz, and Ey denotes the conditional expectation based on N samples
of data. The estimates ¢ and R must satisfy
oU(x, y,0) oU(x, y,0)
=0 =erdoo )
By

0 _ 0 _ I3} 0
30 logQ =07, R logR =R", @e}!, Oex = exief), Eée{;;Rekz = epefy
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and after setting the partial derivatives of (4), with respect to Q and R, to zero, we have

N

U N o
0T~ "2ap T 80 kz

—En(e;, 0 'en|y)

t\.)l'—‘

_ _Q —Z ZEN(ekleklly) =

U  N+1 0 1, 1 0 T p~1
R = T R logR +§ZFEN(6“R ex2ly)

N+1
= R-3 ZEN(ekzekﬂy) =

Then, the estimates Q and R become
R
Q=+ Y Evenely), R= N | ZEN(ekZekzly) (6)
k=1

Further, using a'Va = trace{Va"a}, we have

—1
N
1
i > En(ene; IY)] eily
k=1

N N

=—1
> En(eniQ enly)=> Ey{eh
k=1 k=1

N “lrw
= trace []lv > Ex(ene; |y)] [Z Ey(eney, ly)]
k=1

k=1

= N trace (/) = constant,
(M

-1
ZEN(ekZR lenly) = ZEN ek2l: ZEN(ekZekZ'J’):' er|y
k=0

N “lrw
1
= trace [m kZO:EN(ekzezz Iy)] liz En(enzel, Iy)}

k=0
= (N + 1) trace(]) = constant.

Finally, substitution of (6) and (7) back into (4) for U(x, y,6) leads to the following result:

N N
U(x,y,9)=——log{ Z En[( —Axg—1 — T) ]J’]}

-= + -1 { N+l ZEN[(J’k — Cx) Iy]} + constant.



L. Deng, X. Shen/ Signal Processing 57 (1997) 65-79 69

2.2. M-step

Given the conditional expectation above, the M-step aims at minimization of the following two separate
quantities (both being the expected values of a standard least-squares objective function):

N
Ui, T) = 2 S Enlsk — st — TYI3,
- (®)

N
UAC) = 57 O Ewln = Ca? o)
k=0

Since the order of expectation and differentiation can be interchanged, we obtain the parameter estimates by
solving

U4, T S
R YL o

od —"V | 34
WAT) _ . [0 2]

=7 ——k;EN 7@ — An-1 = TP|y| =0, )
0T(C) —EN:E o~ A Ply| =0

ac N aC k k1)1 Y| =Y,

or

N
4> En(u-n- 1|y)+TZEN<xk lry)—ZE,v(xkxk 1),
k=1

k=1 k=1
N
AY_ En(u-i|y) + NT = ZEN(xkiy), (10)
k=1 k=1

N
—CZEN(xkxE 19)+ D En(xi|y) =0.

k=0 k=0

In the matrix form, (10) becomes

N N N N —1
Zk=1EN(xk—1xZ—1|y) Zk=1EN(xk—1|)’)
=) En(xexi_1|y) ) En(x, ly)} [ ,

Lz:; v Z: e S EvGT 1) N -

-1
[Z En(yixg f)’)] [Z En(xixg |J’)} .

k=0

Substituting Eq. (11) into Eq. (6), we obtain

-l ; 7
== ZEN[(xk — Axy— — TY|y]
k=1

| o -
= 2 Ev{@ed1y) ~ 14 Tlmesi |y xly]'),
k=1
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_ 1 & -
R= Nl ;EN[(}’&: ~ Cx Y1y

| N WA T
“Vrl ZEN(ykyZly) -C (ZEN(J)kxﬂ}’)) : (12)
k=0

k=0

To perform each iteration of the EM algorithm, it remains to evaluate all the conditional expectations in
Egs. (11) and (12). Such evaluation is described in the next section for the stationary version of the dynamic
system.

3. Stationary stochastic system

Case 1. Perfect observation for state x. If the data series x;, £ = 0,1,...,N, ie., the states of the system
(1) are completely observable, then Ex(xx|y) = xi, En(xex]|y) = xix; and Ex(yixi|y) = wixg- Egs. (11)
and (12) can then be directly applied to estimate the parameters 4, T, C, Q and R.

Case 2. Incomplete or unobservable state x. In the case when the states x; of the system (1) are unob-
servable and the log likelihood depends on the unobserved data series x;, £ = 0,1,...,N, we need to evaluate
the various conditional expectations on the observed series y;, Kk = 0,1,...,N, which appear in Egs. (11) and
(12) and are sufficient statistics for the parameter estimation.

Denote the conditional expectation

En{xi|y} = fgn- (13)
Then, to evaluate Ey[x;x]|y], we use the standard formula

En{lxe — En(olb — Ex(i)l' |y} = Enlxix |y] — Enlxel yJEn g ]y] (14)
or

Pyn = En[xixg |y] — fgn i}f/N
to obtain

Enlxxi|y] = Zyn fiun + Piw- (15)

In using the EM algorithm to obtain maximum likelihood estimates of the parameters of Eq. (1), ie., to
evaluate Egs. (11) and (12), we require the following quantities at each iteration of the algorithm:

E{xg\y} = iz/zv,

E{xix; |y} = Py + 2yn 2y

E{xixi_1|y} = Prk-iy + Bonieyns (16)
E{yka[y} =k i;/N’

E{yeyi} = ye¥i-

That is, we can use the fixed interval smoothing form of the Kalman filter to compute the required statistics.
It consists of a backward pass that follows the standard Kalman filter forward recursions. In addition, in both
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the forward and the backward passes, we need some additional recursions for the computation of the cross
covariance. All the necessary recursions are summarized in the following.
Forward recursions:
T = Zge—1 + Keex,
Tperp =A% + T,
e = i — Cyp_1,
Ky = Pip1CTP; 1,
P, = CPy—1CT +R, aa7)
Pk = Pig—1 — Ke P K,
Pii—ip = — KxCYPr_1p—1,
Py = APiA" + Q.
Backward recursions:
I = Pk—l/k—lATP;;kl,ﬁp
Fr—yn = Zr—1k—1 + Llfgnw — Zep—1),
Py = Pecip—r + BlPun — Pon—1 117, (18)
Pii—in = Pri—ik + Pyn — PunlPiy Prk— 1k

Using Eqgs. (16)—(18), the parameter estimates of system (1) for unobservable state x; can be completely
obtained by Egs. {11} and (12).

4. Nonstationary stochastic system

We now consider the nonstationary version of the stochastic linear system

Xp1 = A + T(s) + w, e = C(shax + vy, E{xo} = po, E{x,x,} = Po(s), (19)

where x; € #" is a state vector, yx € #™ is an output vector, wy and v; are uncorrelated, zero-mean Gaussian
vectors with covariance E{wyw] } = O(s) and E{v;v]} = R(s). The entries of the matrices 4(s), T(s), C(s),
QO(s) and R(s) are random signals depending on the distinctive region (or distinctive mode, indexed by s).

Due to the nonstationary nature of the system, one needs multiple-run observations in order to have sufficient
data to make reliable estimates of the system parameters. The extension from the single-run approach to the
multiple-run one is straightforward: it involves simply summing the appropriate sufficient statistics over the
different runs and the corresponding cost function is

r N;
logL(x, y,6)= —% {Z flog O+ (xp — Axp—1 — T)TQ_I(xk — Axpy — T)]}

=1 \k=1

I=1 \ k=0

r N;
- % Z {Z [log R + (yx — Cxe) R~ (3 — ka)]} + constant, (20)

where r is the total number of runs and N; is the number of observations in the /th run. It is assumed that the
discrete region for each run s(k) can be observed. The parameter estimation of the nonstationary stochastic
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system is then

[ 7], = [Z > Enxuxf, 1)1ZZEN(xk1|J’):l
=1 k=1

I=1 k=1

-1
[Zl 12k 1EN(x(k l)lx(k 1)IlY) 21-1Zk VEn(xrg— 1)1|J’)]
P IZk 1EN(x(k 1l¥) SV . ’

r N r !
= {:ZZEN(J’kaI’{IIY):‘ ‘:ZZEN(xklxkliY):( )

I=1 k=1 I=1 k=0
r N
N i !

¢:= m ZZEN[(""’ — Axge—1y — TVl @

=1 k=1

Z N ZZ{EN(xkzxklly)—[A THENGoraxfe— 111 ¥) En G )] s,
I=

I=1 k=1

r N
A 1 R
=71 E — Cx Pyl
’ Zzzl(Nl-f-l)lX_]:kZ_; w(ve 0 )|y

N
21 1(N1 +1) Z [(Z yklykl) - éZEN(yklxgzly)T

k=0 s

where s = 1,2,...,m, is the sth invariant region of the model.

The EM algorithm for the nonstationary version of the dynamic system, firstly, involves at each iteration the
computation of the sufficient statistics (i.e., all the conditional expectations in Eq. (21)) using the recursions
described in Section 3 with the previous estimates of the model parameters (E-step). The new estimates for
the system parameters are then obtained using the sufficient statistics according to Eq. (21) (M-step).

5. Decomposition algorithm for parameter estimation of high-dimensional system

In many practical applications, the dynamic system model for physical plants needs to be of relatively
high dimensionality. For example, when a complete dynamic system model is used for describing articulatory
motions in the human vocal tract, the desirable dimensionality would be of the order of 10 to 20. The numerical
calculation for high-dimensional systems’ parameter estimation may be impractical due to the extraordinary
demand for the amount of computation. In order to reduce the high computational load, we propose a method
that allows split of a large-scale estimation problem into a set of simpler subsystem problems. Many estimation
algorithms for large-scale systems have appeared in the rescarch literature. Here we adopt the one which
appeared in [13, 12] as applied to the dynamic system we are currently studying.

The algorithm uses a hierarchical structure to perform successive orthogonalizations on the measurement
subspaces of each subsystem in order to provide the optimal estimates. In building the subsystem estimators,
we use a standard optimization scheme, treating the outputs of preceding estimators as known inputs to
the subsequent estimator being optimized. The overall estimator obtained by this process as the union of
the subsystem estimators is stable and suboptimal. With an additional computational effort, the degree of
suboptimality can be computed with respect to the globally optimal estimator taken as a reference.
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Rewriting Eq. (1) as N coupled subsystems, we have

N
xi(k +1) = Ayxi(k) + Z Ayx;(k) + T; + wik),
J=1 i (22)
N
yik) = Cixik) + Y Cyxyk) + vik).
J=Lj#i
Define the adjusted measurement for the ith subsystem as
yi (k) = Cixi(k) + v (k), (23)
where v}(k) is the adjusted zero-mean measurement noise:
N
g =vk)+ Y CyX(klk—1), (24)

= j#i

with %;(k|k —1) = x;(k)— %(k|k — 1) representing the predicted estimation error. The updated estimate X;(k|k)
is now given by

2i(klk) = Xi(klk — 1) + K (k)ei(k), (25)
where K} is the gain matrix to be defined and e;(k) is the innovation sequence:
ei(k) = Caxi(klk — 1) + v/ (k) = y{ (k) — Cy Xi(klk — 1). (26)
The vector %;(kjk — 1) is the predicted estimate, which can be expressed as
N
ik + k) = Ay £,(klk) + T, (27)
j=1

The overall estimator is then the simple union of the subsystem estimators

x(klk) = %(klk — 1) + Kj(k)e(k), (28)
where

Kp(k) = diag[K},(k), K5(k), ..., Ky (k)] (29)

e(k) = y(k) — Cx(k|k — 1). (30)
The update and prediction errors can be obtained as

®(klk) = (I — Kj(k)C) %(klk — 1) + K} (k)v(k) 31
and

Xk + 1k) = A x(k|k) + w(k), 32)

with the covariance

P*(k|k) = ®*(k)P*(klk — )®* (k) + K5 (k)RK}T (), (33)
P*(k + 1/k) = AP* (k| )4 + R, | (34)
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The matrix ¢* = {@fj}, which is defined by
o*(k) =1 — Kp(k)C, (35)

has the block structure

&7 (k) I — K;(k)Cy, 1=,
W= ke, i) )
Then, the submatrices P (k|k) and Fj(k|k — 1) can be formulated as
N N
P (klk) = Z Z @} (k)P (klk — 1)®1T (k) + K3 (RRI(OKT(K), ij=1,2,...,N, (37)
p=1g=1
and
N N
Pkl — 1) =" (k)P (k — 1k — DA, (k) + QU(k), i,j=1,2,....N. (38)
p=1 g=1
The diagonal blocks of the gain matrix are computed by
N N N -
Ki() =Y Pj(klk = 1)CL | D Cy Y Bitklk = )Ch+ Rik)| . i=1,2,...,N, (39)
j=1 Jj=1 =]
and
N N ]
PiCkll) = >~ @i,k )Ppg(klk — 1)BY(K) + Ku(k)RE(K)K] (k). (40)

p=1g=1

Note that although the above algorithm and the global Kalman filter are algebraically equivalent, the nu-
merical properties of the decomposed filter are significantly better since the filter calculation is performed
on low-order blocks of subsystem equations. Further, for high-dimensional systems, the above decomposition
algorithm gives substantial savings in computation time. The quantification of the computational saving from
the decomposition algorithm as compared to that of the global Kalman filter has been discussed in detail
in [12].

Now, given the estimates %(k|k) and %(k + 1|k) (i.e., the conditional expectations as sufficient statistics)
as efficiently computed above and using the backward recursions (Eq. (18)), the system parameters can be
estimated from Eqgs. (11) and (12) as in the case for the global Kalman filter.

6. Simulation results

In order to demonstrate the proposed method, the system (1) with the following system matrices is simulated
using random number generators in our numerical experiments:

09 00 -03 0.0
A=700 07 00 |, T'=j00],
02 03 06 0.5

C = Lixs, 0 =R=0. X L3, x=[111],
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where I is the identity matrix. After the observations, y, from the above system are made available, various
parameter estimation methods described in the preceding sections are used to obtain the system parameters,
allowing us to examine their deviation from the exact system parameters as a means to assess the accuracy
of the estimation methods. A summary of the results for three cases is provided below.

Case (i). The state of the system x is observable. In this case, the true x obtained from the simulation is
provided to the estimation algorithm and no hidden variables are presents. (Hence, no iteration is required in
the estimation.) Estimates of all the system parameters can be obtained using Eq. (13) for single output run,
where N =100 (data simulation length) is used in the model simulation. The system parameter estimates are

[ 089 008 —031 —0.04 .01  0.02 0.01
4=1]-001 068 -0.10], T=1002 |, C=1002 103 -001],
| 023 026 059 0.53 002 -001 102
[0.094 002 001 0.09 0003  0.002
0= 011 —001|, R= 008 —0.001
i 0.098 0.11

These estimates are very close to the exact system parameters.
Case (ii). The state of the system x is unobservable. In order to apply the EM algorithm, initial values are
required for the parameters. In the simulation, we set the initial system parameters as

Ap=Cy =05 x I1,3, Tp = [0.5 0.5 0.5],
Q() ZR():O.OS X I3x3, P0=01 XI3><3.

In simulating the system, we generated a total of 150 data points as the observation data y. The parameter
estimates of the system after one, two, three and four iterations are shown in Tables 1 and 2. Table 1 shows
the estimates having all the 150 data points as one single run (with estimation procedure described in Section
3), and Table 2 shows the estimates with the 150 data points broken down into three separate runs (containing
40, 50 and 60 points for each run, and with estimation equations (21) described in Section 4). We first observe
that in both cases, upon each iteration, the estimates of the parameters are approaching the exact parameters
used to simulate the system. At the fourth iteration, the estimates of most of the parameters are reasonably
close to the exact parameters, although not nearly as close as for Case (i) where the exact state information
x is made available to the estimation algorithm. Second, we observe that the estimates of Table 2 (multiple
runs) are slightly superior to those of Table 2 with single run (superiority in the sense of being closer to
the exact parameters). This superiority is likely to result from the fact that breaking the output data points
into several pieces gives the EM algorithm more chances to escape from the local optimum in its maximum
likelihood estimation.

Case (iii). Decomposition approach (state x is unobservable). Given the simulated data points y which are
identical to those used to obtain the results of Table 2 (multiple runs), the computationally more efficient
decomposition algorithm (described in Section 5) is used to estimate the unobservable state x and then
Eqs. (11) and (12) are used for the parameter estimation. In applying the decomposition algorithm, we treat
each subsystem as a scalar system (with a total of three systems) and assume that the measurement data y
for subestimators are synchronized with each other. The parameter estimates after one, two, three and four
iterations of the EM algorithm are shown in Table 3. Comparing the results of Tables 2 and 3, with the only
difference being the use of the global Kalman filter (Section 4) versus the use of the decomposition algorithm
(Section 5) for state x estimation, we observe only a very slight degradation of the estimation quality from the
former to the latter. For this simulation example, such degradation is negligible while significant computation
efficiency has been gained.
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Table 1
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Single output run with unknown state x (N = 100)

A T c 0 R
Exact 0.9 00 -0.30 0.0 1.0 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0
0.0 0.7 0.0 0.0 0.0 1.0 0.0 0.1 0.0 0.1 0.0
02 0.3 0.6 0.5 0.0 0.0 1.0 0.1 0.1
Initial 0.5 0.0 0.0 0.5 0.5 0.0 0.0 0.05 0.0 0.0 0.05 0.0 0.0
0.0 0.5 0.0 0.5 0.0 0.5 0.0 0.05 0.0 0.05 0.0
0.0 0.0 0.5 0.5 0.0 0.0 0.5 0.05 0.05
Iteration 1 0.63 —0.11 —-0.10 -0.30 1.86 0.09 —0.28 0.28 0.07 0.06 0.19 0.11 0.12
0.21 055 0.15 0.22 0.22 1.57 -0.29 0.21 0.22 0.24 0.09
0.11 0.13 035 0.33 0.18 —0.11 1.24 0.17 0.18
Iteration 2 0.70  0.09 —-0.15 -0.22 1.47 —0.05 ~0.15 0.19 0.05 —0.05 0.15 0.07 0.08
003 060 0.03 0.17 0.15 1.35 -0.14 0.17 0.15 0.18 0.06
0.13 017 046 0.40 —-0.10 -0.06 1.18 0.12 0.14
Iteration 3 0.75  0.05 —-0.21 —-0.15 1.21 -0.02 0.10 0.16 —0.01 -0.03 0.13 0.04 0.07
002 062 0.03 0.12 0.09 1.07 -0.09 0.15 0.09 0.16 0.05
015 020 051 043 0.06 -0.05 1.15 0.09 0.13
Iteration 4  0.78 —0.04 —-0.25 —0.11 1.16 0.02 0.07 0.14 —0.03 —0.04 0.12 0.02 0.06
0.03 0.63 -—0.02 0.09 0.06 1.07 -0.05 0.13 0.0 0.15 0.05
0.16 0.22 0.55 0.45 0.03 —0.04 1.13 0.11 0.13
Table 2
Multiple output runs with unknown state x (N, = 40, Ny = 50, N3 = 60)
A T C Q R
Exact 09 00 -0.30 0.0 1.0 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0
0.0 0.7 0.0 0.0 0.0 1.0 0.0 0.1 0.0 0.1 0.0
02 0.3 0.6 0.5 0.0 0.0 1.0 0.1 0.1
Initial 0.5 0.0 0.0 0.5 0.5 0.0 0.0 0.05 0.0 0.0 0.05 0.0 0.0
0.0 0.5 0.0 0.5 0.0 0.5 0.0 0.05 0.0 0.05 0.0
0.0 0.0 0.5 0.5 0.0 0.0 0.5 0.05 0.05
Iteration 1  0.83 —0.11 —0.22 —0.10 1.36 0.02 —0.18 0.09 0.01 0.01 0.07 0.01 0.01
0.09 057 0.05 0.22 0.10 1.25 —0.19 0.08 0.02 0.08 0.0
0.13 0.16 0.65 0.33 0.10 -0.01 1.17 0.07 0.08
Iteration 2 0.85 —0.08 —0.25 0.07 1.07 —-0.01 -0.02  0.093 0.0 -0.01 0.082 0.01 0.0
003 065 0.03 0.12 0.05 1.05 0.05 0.093 0.01 0.085 0.0
0.15 025 0.63 0.43 -0.10 —0.03 1.05 0.08 0.09
Iteration 3 0.88 —0.06 —0.31 —0.03 1.01 —0.02 0.02 0.11 -0.01 —-0.01 0.11 0.01 0.0
0.02 068 0.03 0.08 —0.02 1.03 —0.01 0.095 0.0 0.09 0.0
0.18 026 0.60 0.46 0.02 —0.04 1.03 0.091 0.11
Iteration 4 0.88 —0.04 —0.29 —0.05 1.01 0.02 0.00 0.1 —0.01 0.0 0.11 0.02 0.01
0.03 072 —-0.02 0.06 0.0 1.03 —0.01 0.097 0.0 0.1 0.0
0.19 027 0.59 0.49 0.01 —0.04 1.03 0.093 0.091
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Table 3
Multiple output runs with decomposition approach (N, = 40, N, = 50, N3 = 60)
4 T c 0 R

Exact 0.9 0.0 -0.30 0.0 1.0 0.0 0.0 0.1 0.0 0.0 0.1 0.0 0.0
0.0 0.7 0.0 0.0 0.0 1.0 0.0 0.1 0.0 0.1 0.0
0.2 0.3 0.6 0.5 0.0 0.0 1.0 0.1 0.1

Initial 0.5 0.0 0.0 0.5 0.5 0.0 0.0 0.05 0.0 0.0 0.05 0.0 0.0
0.0 0.5 0.0 0.5 0.0 0.5 0.0 0.05 0.0 0.05 0.0
0.0 0.0 0.5 0.5 0.0 0.0 0.5 0.05 0.05

Iteration 1 0.65 —0.11 —0.10 —0.27 1.93 0.11 —0.28 0.31 0.11 0.09 0.26 0.11 0.12
0.21 0.55 0.15 0.23 0.24 1.65 —-0.29 0.25 0.22 0.24 0.12
010 013 039 0.31 0.19 -0.13 1.23 0.21 0.18

Iteration 2 0.74 —0.08 —0.15 —0.18 1.46 —0.05 —0.15 0.22 0.05 —-0.04 0.18 0.07 0.08
0.16 0.60 0.08 0.17 0.15 1.35 —0.14 0.18 0.15 0.18 0.09
013 017 047 0.40 0.12 —0.06 1.18 0.15 0.17

Iteration 3  0.80 —0.06 —0.20 —0.12 1.19 -0.02 0.06 0.16 0.01 —0.03 0.14 0.04 0.05
0.09 063 0.04 0.12 0.08 1.12 —0.08 0.14 0.09 0.16 0.07
016 022 053 0.45 0.06 —0.05 1.15 0.12 0.14

Iteration 4  0.84 -0.04 -0.28 —0.08 1.15 0.01 0.02 0.13 —0.02 —0.02 0.11 0.02 0.04
005 0.65 —-003 0.09 0.04 1.08 —0.04 0.11 0.05 0.13 0.06
018 025 056 0.47 0.03 —0.04 1.09 0.11 0.12

7. Summary and discussion

A unified technique, based on the EM algorithm, for the parameter estimation of stationary (single output
run) and non-stationary (multiple output runs) linear stochastic systems has been described in detail in this
paper. This technique takes into account the cases where the system state x is either observable or unob-
servable. In order to reduce the computational load for parameter estimations of a high-dimensional dynamic
system, a decomposition algorithm is developed which uses a hierarchical structure to perform successive or-
thogonalizations on the measurement subspaces of each subsystem. Since only low-order subsystem equations
are manipulated at each stage, numerical inaccuracies are reduced and the subfilters decomposed from the
global Kalman filter have better stability properties. With the inherent advantages of multiple processor com-
puters in computation speed and in program modularity, the decomposition algorithm for parameter estimation
described in this paper will show greater benefits when the algorithm is implemented in a multiple-processor
platform. Our simulation results show that the decomposition approach performs almost as well as the global
Kalman filtering approach while gaining substantial savings in computation time in executing state estimation.

Our initial motivation for this study was the desire to establish a statistical model for the speech signal
that is capable of naturally and parametrically describing the correlation structure of the speech, and the
decomposition algorithm has been developed for an intended use in the speech modeling context because of
the high dimensionality required for the hidden state x underlying speech generation mechanisms. The dynamic
system model as described in this paper, when viewed as a continuous-state HMM, appears to be superior to
the discrete-state HMM for speech modeling. The discrete-state HMM, as originally formulated by Baum [1],
is defined on an unobservable (or hidden) discrete-state Markov chain. When the HMM is applied as a model
for speech, the real intention has been to account for the statistical properties of the surface acoustic signal
by such a generative, ‘hidden’ stochastic process as the motion of the unobservable articulatory structure [20].
A natural consequence of this articulatory interpretation of the hidden states in the HMM is a proposal to
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extend the discrete-state formulation of the HMM to its continuous-state counterpart, because the articulatory
dynamics, assuming to be Markovian, is continuously valued.

In the recent past, a great deal of research has been devoted to improving the output distributions of the
discrete-state HMM [16, 14, 18, 5-8]. That is, mainly the surface (acoustics) form of the speech signal has
been focused on. This modeling approach leaves the increased sizes of the HMM state space and of the pa-
rameter set as the only possibility for increased modeling accuracy. Even in the recent limited research effort
devoted to enhancing the capability of the underlying Markov chain for coarticulatory modeling [19,9, 10],
the discrete nature of the Markov state space remains unchanged, rendering inevitably insufficient precision
for representing the articulatory dynamics that is intended to be described by the underlying hidden Markov
process. The only continuous-state version of the Markov model proposed for use as a speech model is the
stationary linear stochastic system described in [11]. The dynamic system model, as a mathematical abstrac-
tion, and the associated parameter estimation technique have been documented in the system theory and time
series literatures for a long time [17, 24,3, 15,23]. The general technique described in this paper, including
the efficient and accurate decomposition algorithm, for parameter estimation of the dynamic system (or the
continuous-state HMM) has extended these previous works and, unlike these previous works, has presented
details of simulation results demonstrating the effectiveness of the various versions of the estimation algorithm.
Apparently, the ultimate success of the dynamic system model and the associated parameter estimation tech-
niques developed in this paper in speech processing applications will require a great deal of future research. In
particular, how to construct the continuous state x in the dynamic system model as an abstract representation
of the articulatory dynamics in speech production and how to control the articulatory dynamics within the
dynamic system framework will be the focus of future research.
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