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Filtering for Linear Stochastic
Systems With Small
Measurement Noise

Z. Aganovic,' Z. Gajic,' and X. Shen?

In this paper we present a method which produces complete
decomposition of the optimal global Kalman filter for linear
stochastic systems with small measurement noise into exact
pure-slow and pure-fast reduced-order optimal filters both
driven by the system measurements. The method is based on
the exact decomposition of the global small measurement noise
algebraic Riccati equation into exact pure-slow and pure-fast
algebraic Riccati equations. An example is included in order
to demonstrate the proposed method.

1 Introduction

Several authors have studied the limiting properties of the
optimal Kalman filter (Friedland, 1971; Doyle, 1978; Halevi,
1986). In several papers the perfect measurement noise (Moy-
lan, 1974; Haas, 1984; Shaked, 1986; Soroka and Shaked, 1988)
and singular measurement noise (Bernstein and Hyland, 1985;
Haddad and Bernstein, 1987; Halevi, 1989) problems are con-
sidered. However, the filtering of linear stochastic systems with
small measurement noise, which is an important problem for
several engineering areas such as signal processing, communi-
cations, and control theory, has been studied, up to our best
knowledge, only in (Sachs, 1980; 1981).

Our approach to the filtering problem with small measure-
ment noise employs the singular perturbation technique (Koko-
tovic et al., 1986; Gajic and Shen, 1993; Gajic and Lim, 1994).
The use of singular perturbation method for this problem is also
demonstrated in (Sachs, 1980; 1981). We have obtained the
exact expressions for the optimal filters which are of reduced-
order and driven by the system measurements. In addition, the
optimal filter gains are completely determined in terms of the
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exact pure-slow and pure-fast reduced-order algebraic Riccati
equations. Thus, we get the complete reduction in both off-line
and on-line computations, so that the optimal filtering can be
completely done at the local levels.

Consider the linear continuous-time invariant stochastic sys-
tem

X = A]JC] + A2x2 + le
x2 = A3x1 + A4x2 + GQW (1)

with the corresponding measurements corrupted by small noise
(the noise smallness is represented by a small noise intensity
matrix)

y=0Cxz +v (2)

where x, € R" and x, € R™ are state vectors, w € R’ is zero-
mean, stationary, white Gaussian noise stochastic process with
intensity W > 0, and y € R™ are the system measurements. The
measurements are corrupted by small zero-mean, stationary,
Gaussian white noise v € R™ whose intensity matrix is assumed
to be €2V > 0 with e being a small positive parameter. No loss
of generality is incurred in (2) provided that the measurement
matrix has full rank m, (Jameson and O’Malley, 1975) —this
fact is also demonstrated in Example and Appendix. Thus, the
problem is studied under the following assumption.

Assumption 1. det C5*™ = 0.

In the following A;, G;,, Cb, i = 1,2, 3,4;j =1, 2, are
constant matrices.

The optimal Kalman filter, corresponding to (1) —(2), driven
by the innovation process is given by (Kwakernaak and Sivan,
1972)

.él = A].fl + Az.f; + K]V
X’}z = Angl + A4fz + KzI/
v=y-Gh (3)

with the optimal filter gain obtained from

pP,Civ! K,
k=pcv'={1 141 |
- P3C2V - K2
€ €
T 0 T
= 4)
2

where P is the positive semidefinite stabilizing solution of the
algebraic Riccati equation

AP+PAT~£PSP+ GWG™ =0 (5)
with
o hn)oe-[a]
P, P,
§=C'V'C, P= pI .1_p3 (6)
€

It can be easily seen, by observing the form of the algebraic
Riccati equation (5), that the above problem is dual to the
corresponding cheap control problem (Jameson and O’Malley,
1975; Francis, 1977; Kokotovic et al., 1986; Huey and Gajic,
1993) with €2V playing the role of ¢*R, where R is the input
penalty matrix ) so that the filtering problem with small measure-
ment noise can be studied as a singularly perturbed system.
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The filtering problem of singularly perturbed systems has
been studied in (Haddad, 1976; Haddad and Kokotovic, 1977,
Teneketzis and Sandell, 1977; Khalil and Gajic, 1984; Gajic,
1986; Gajic and Lim, 1994). The results of (Haddad, 1976;
Haddad and Kokotovic, 1977; Teneketzis and Sandell, 1977)
produce only O(¢) accuracy, whereas, the results of (Khalil
and Gajic, 1984; Gajic, 1986; Gajic and Lim, 1994) produce
an arbitrary order of accuracy. In the small measurement noise
problem we cannot be pleased with O(¢)? accuracy. For the
decomposition and approximation of the singularly perturbed
Kalman filter (3) the Chang transformation (Chang, 1972) has
been used in (Khalil and Gajic, 1984; Gajic, 1986)

7:]] _ I — eHL —EH][)?.' N
473 L 1 X2

where L and H satisfy algebraic equations
A4L - A3 b 6L(A| - A2L) =0

—HA4 + A2 - 6HLA2 + E(Al - AzL)H = (8)

The Chang transformation applied to (3) produces independent
slow (#),) and fast (#),) filters driven by the innovation process

i = (A — ALYHy + (K, — HK, — eHLK,)v
e = (Aq + eLA)) P, + (K + LK )v 9)
In the new coordinates the innovation process is given by
v=y+ CLH — (C, + eC,LH)#H, (10)

Equations (5) and (8) are solvable and produce the unique
solutions under the following assumptions.

Assumption 2. The matrix A, is invertible and the matrices
in the Riccati Eq. (8) satisfy the standard stabilizability-detect-
ability conditions (Khalil and Gajic, 1984; Gajic, 1986).

2 Exact Filter Decomposition

In the decomposition procedure from the previous section
the slow and fast filters (9) require additional communication
channels necessary to form the innovation process (10). In
addition, the filter gains K, and X, are given in terms of the
solution of the global algebraic Riccati Eq. (5). Here, we pro-
pose a decomposition scheme following the results of (Gajic
and Lim, 1994 ) such that the slow and fast filters are completely
decoupled and both of them are driven by the system measure-
ments and the corresponding filter coefficients are obtained from
the reduced-order exact slow and fast algebraic Riccati equa-
tions.

The method is based on the pure-slow pure-fast decomposi-
tion technique for solving the cheap control algebraic Riccati
equation of singularly perturbed systems, (Gajic and Shen,
1993) and the slow-fast decomposition technique of (Gajic and
Lim, 1994) derived for general singularly perturbed systems.
We give a brief summary and an additional interpretation of
the results of (Gajic and Shen, 1993), which will be used in
this paper.

Consider the linear-quadratic optimal cheap control problem
of (1), that is (Jameson and O’Malley, 1975; Kokotovic et al.,
1986; Huey and Gajic, 1993)

X = A1X1 + A2x2
Xy = A3x1 + A4X2 + Bzu

? By definition, O(¢) < Ke, where K is a bounded constant.
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0=0, R>0 (11)

where the control vector, u € R™, has to be chosen such that the’

performance criterion, J, is minimized. The very well-known
solution to this problem is given by

u=-R'B"P,x = —F\x, — Fox (12)

where P, is the positive semidefinite solution of the regulator
algebraic Riccati equation

ATP,+P,A+Q—%P,ZP,=() (13)
€

with |
7 Qs

0 P, €Py,
B= R (14)
B, €Py  €Ps,

Note that B, is a square nonsingular matrix.
The optimal regulator gains F, and F, are given by

Fi=R"'BiP},, F,=R"'BiP, (15)

The results of interest that we need, which can be deduced from
(Gajic and Shen, 1993) are given in the form of the following
lemma.

Q= [Q' QQ] , Z=BR'BT,

Lemma 1. Consider the optimal closed-loop linear system
x'1 = Alxl + AzXz
€X; = (A3 — BoF)x) + (Ay — BoFo)x, (16)

then there exists a nonsingular transformation T,
HELN
& X2

& = (a1 + ;P&
€y = (b + byP)&s (18)

where P,, and P,;are the unique solutions of the exact pure-slow
and pure-fast completely decoupled algebraic Riccati equations

such that

0= Prsal - a4Prs — a3+ Pr.vaZPm'
0=P,fb1—b4P,f—b3+P,fb2Prf (19)

Matrices a;, b;, i = 1, 2, 3, 4, can be found in (Gajic and Shen,
1993). The nonsingular transformation T is given by

T, = (II, + II,P,) (20)

Even more, the global solution P, can be obtained from the
solutions of the reduced-order exact pure-slow and pure-fast
algebraic Riccati equations as

P 0 P 0 -t
P=(Q+Q 7 Q4+ "
( ’ 4[0 Prf])( l 2[0 Prf:l)

(21)

Known matrices €);, i = 1, 2, 3, 4 and II,, I, are given in
terms of the solutions of the Chang decoupling equations, (Gajic
and Shen, 1993).
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The desired slow-fast decomposition of the Kalman filter (3)
will be obtained by producing a dual lemma to Lemma 1. Con-
sider the optimal closed-loop Kalman filter (3) driven by the
system measurements, that is

£ = Ak + (4 — KiG)% + Ky
ef) = Asfy + (Ag — KaC) Ry + Koy (22)
with the optimal filter gains K; and K, calculated from (4)-—
(6). By duality between the optimal filter and regulator, the
filter Riccati Eq. (5) can be solved by using the same decompo-
sition method for solving (13) with
A—- A", Q- GWGT, FT=K
Z=BR'BT-§=C"V"IC
K,=F{, K,=F}, F=[F F) (23)

Consider the state-costate equations of the following system
i=ATx - lz C'v~'Cp (24)
€

p=—-GWG'x — Ap 24)
Introducing the partitioning of the state-costate variables as x

= [x] x31"and p = [p] €p}]” we get the singularly per-
turbed system of the form

Pt P y 223
e[x:zjl - Ts{xl] " T4[xz] (25)
)23 P )2

where the matrices T, T,, T5, T4 are given by

AT 0 AT 0
T1 = T ) T2 = T
—G1WGl "Al —GIWGZ “‘EAz

€Al 0 eAT -Clvc,

T3 = T 3 T4 = T

—62WG1 *A3 —G2WG7_ —€A4

(26)

For the singularly perturbed linear system (25) the slow-fast
decomposition is achieved by using the Chang decoupling equa-
tions
T4M - T3 - EM(T| - TzM) = O

— N(Ty + eMTy) + T, + (T, — TM)N =0 (27)

These equations can be efficiently solved by either using the
Newton method or the fixed point iterations, (Gajic and Shen,
1993). Also Eq. (27) can be solved by using the eigenvector
approach (see Medanic, 1982).

Applying the Chang decomposition transformation to (25),

we get
"71 ™
. = (T, - T,M
[cl] ( )[g]

E[Z] = (T, + eMTz)[Z] (28)
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By using the permutation matrices (Gajic and Shen, 1993)

-

I, 0 0 O
0 0 I, ©
E] = O Im 0 O .
0 0 0 1 L,
€
L, 0 0 0]
_ {0 0 I, O
Ee=1o 1, 0 0 (29
0 0 0 I,
we can relate variables in new and old coordinates by
T
I — eNM —¢eN
T < Eg[ © ‘ ]El[x] (30)
G M I p
)

where p = Px. Introducing the notation

n, I11,] I—eNM M
= = E} E 31
l:n3 H4_ 2[ —eN I] ! ( )

we get

["1] = [IT, IL)

T2

x] = (I, + ILP)x = Tax (32)

Then, the desired transformation is given by
Tz = (Hl + l'IzP) (33)

This transformation block diagonalizes the closed-loop system
matrix (A — KC)T, that is

T,(A — KC)"T3"

is block diagonal, which follows by duality, (see (17)—(18)).
The similarity transformation T, applied to the filter variables

as
[ ]-z] o
f 2
produces
’;'7 Al A2 - K1C2 A
[;x] =T;" | A3 Aq— KGy Tg[t,s]
Ny : —6_— Nr

K,
+ T | K |y (3%)
€

such that the complete closed-loop decomposition is achieved,
that is

’;1\]: = (al + a2Ps)T’?’s + ny
efiy = (by + byPp) Ty + Kpy (36)

' Note that the transposes of the system matrices in (36) come

from the fact that the derivations have been performed by using
duality. The matrices in (36) are given by
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[“‘ “2] = (T, ~ TaM),

ay a4

K K,

by b
DO = (Ty + eMTy), [ K| =TT | K | (37)
br b n N

O=Psa1—a4Ps—a3+Psa2Ps
O=be1—b4Pf—b3+be2Pf (38)

The Newton method for solving nonsymmetric Riccati equa-
tions (38) can be found in (Gajic and Shen, 1993; Huey and
Gajic, 1993). The nonsymmetric algebraic Riccati equation has
been studied in (Medanic, 1982). An algorithm for solving the
general nonsymmetric algebraic Riccati equation is derived in
(Avramovic et al., 1980).

It is important to point out that the matrix P in (33) can be
obtained in terms of P, and P, by using (21) with

P,=P, P;=PF (39)

and Q,, ,, Q,, Q, obtained from

Ql Qz I eN _
Q= = E;' E;T (40
[93 QJ ' [—M I—eMN] @ (40

A lemma dual to Lemma 1 can be now formulated as.

Lemma 2. Given the closed-loop optimal Kalman filter (22)
of a linear singularly perturbed system, then there exists a nonsin-
gular transformation matrix (33), which completely decouples
(22) into pure-slow and pure-fast reduced-order filters (36) both
driven by the system measurements. Even more, the decoupling
transformation (33) and the filter coefficients given in (36) can
be obtained in terms of the exact pure-slow and pure-fast reduced-
order completely decoupled Riccati equations (38).

Note that the actual procedure for computing the filter decom-
position can be completely done at the local levels. In the pro-
posed method we have complete separation for both off-line
(coefficient calculation) and on-line (filtering process itself)
computations. The procedure is summarized in the form of the
following algorithm.

Algorithm:

1. Solve Chang decoupling Eq. (27).

2. Find coefficients a;, b;, i = 1, 2, 3, 4 by using (37).
3. Solve the reduced-order algebraic Riccati Egs. (38).

4. Form the transformation (33) by using (21), (31), and

(39) - (40).

Calculate the reduced-order filter gains by using (4) and
(37), where the matrix P is calculated from (21), (38) -
(40). '

b

3 Example

In order to demonstrate the proposed method we solve the
control system positioning problem from (Kwakernaak and Si-
van, 1972). The problem matrices are given by

a=% 1! G—O W—w
“lo -46)°  |o1]’ h

We assume that the measurements of angular displacement, x;,
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and the angular velocity, x,, are given as a linear combination
corrupted by white measurement noise, that is

xi(8)

=0 1
y) =1 ][xz(t)

] + v(?)

with the measurement noise intensity taken from (Kwakernaak
and Sivan, 1972) as V = €2 x 0.1 with ¢ = 0.001. In order to
achieve the measurement matrix form considered in this paper
we apply the transformation from Appendix with

0.5
:Iv Nl':l

1
2(1) = Miz(1), M, = [_1 05

which leads to the following matrices in the new coordinates
(see Appendix)

A= [—2.8 1.4 ] G- [——0.0S]
36 -18]° 0.1
The measurement equation is now given by
y(0) = [0 1]2(8) + Vaew (1),
int (Ve (2)} = N\VN; = 0.1
The following pure-slow and pure-fast filters are obtained

() = =M + y(1)

fa(t) = —Ma(2) + 0.9982y(1).

We have run the same problem with different values for a
small parameter with the following results

(e = —0.9997,(¢) + 0.999y(z)
efa(f) = —1.001%,(r) + 0.981y(s), € = 0.01
() = —0.9116#,(1) + 0.934y(r)
eha(t) = —1.0970%,(1) + 0.769y(1), € = 0.1

It is important to notice that the actual value of the small positive
parameter € is also dependent on the system noise input matrix
G and the intensity matrix of the system noise. It seems from
our experience that the best estimate for € is the ‘‘signal to
noise ratio,”” (Anderson and Moore, 1979), that is

2 _ lowaT|

vl

where ||| is any norm and W and V are constant matrices.

4 Conclusion

In this paper we have exactly solved the small measurement
noise problem by using the singular perturbation methodology.
Two completely independent slow and fast reduced-order filters
are obtained. In addition to the practical importance of the
solved problem, we hope that the obtained results will bring
deeper understanding of the effect of small measurement noise
in the Kalman filtering since the slow and fast phenomena are
now completely and exactly separated. Also we believe that the
limiting perfect measurement noise case can be studied by using
the results of this paper as an approximation for ¢ = 0. It is our
opinion that the discrete-time version of this problem might be
an interesting area for future research. ’

APPENDIX

The following result is known from (Wilkinson, 1965).
Given any matrix C of dimension m X n such that

rank C™" = m
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then there exist two nonsingular matrices N>, M'7" such that
NP RO = [0 [,]"<
Given a linear stochastic system of the form
X(t) = Ax(t) + Gw(1)
y(t) = Cx(¢t) + v(2)

with constant matrices A™”, G, C™", int(w) = W™,
int(v) = V™" Then, the following transformation

x =Mz
maps the given system into
Z2(t) = Az(t) + Gw(?)
Paew(?) = [0 L]z(£) + vnew(£)

where
A=M"'AM,, G=M['G,
Ynew (1) = N1y (1),
Unew (1) = N (1) = int(vnew(£)} = NVNT{
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Analysis of Induction Plasma
Deposition Dynamics for Control

K. S. Narendra,' C. W. Smith,! and
M. A. Gevelber'

Plasma torches are used in a variety of different applications
including forming corrosion and wear resistant coatings, near
net shape manufacture, and production of metal matrix compos-
ites. The dynamics of a low order nonlinear dynamic model of
the process are analyzed to obtain insight into developing an
appropriate control structure.

1 Introduction

Plasma deposition is a process in which metallic or ceramic
particles are melted and accelerated in a plasma stream and
subsequently made to impinge on a substrate to form a dense
coating. The plasma is created by heating inert gases which, in
the present case, is done using an induction torch. While sig-
nificant research has been reported on the detailed modelling
of the plasma deposition process (Boulos and Fauchais, 1986;
Wei et al., 1988), little has been reported on addressing process
control issues.

The present paper presents our analysis of the dynamics of
a low order model (LOM) which captures the essential dynam-
ics of the process (Narendra et al., 1994). The LOM is useful
in revealing the basic limitations posed by the process dynamics
and input/output coupling. The complete process model con-
sists of three submodels which represent (a) the torch, (b) the
jet, and (c) the plasma-particle interactions. The torch model
is developed by lumping distinct flow regions and performing
mass, momentum and energy balances on these regions. The
important phenomena such as the magnetic pinch effect and
recirculation zones have been included. The jet model is based
on the analytical solution to the velocity and temperature fields
in an axisymmetric jet while the plasma-particle thermal/fluid
model is based on the laminar flow of a gas over a spherical
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