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Optimal output feedback control of discrete linear, singularly perturbed,
stochastic systems

MUHAMMAD T. QURESHI{, XUEMIN SHEN? and
ZORAN GAJIC}

The static output feedback control problem for discrete linear, singularly per-
turbed, stochastic systems is studied. A recursive algorithm is presented to solve
the corresponding coupled non-linear algebraic equations. The algorithm removes
the ill-conditioning by decomposing the higher order equations into lower order
equations and develops a techmque which enables us to obtain an arbitrary
accuracy, that is, O(¢') (j =1, 2, 3, ...) approximation for this problem. A numer-
ical example is presented to support the theoretical results.

1. Introduction

The output feedback control problem, when a very limited number of state
measurements are available for control implementation, received increasing atten-
tion in 1970s (e.g. Levine and Athans 1970, Mendel 1974, Ermer and Vandelinde
1973, Kurtaran and Sidar 1974, Kurtaran 1975). It also offers an important
advantage in simplicity over controllers using full-state feedback. In most applica-
tions, the output measurements are contaminated with noise, mainly due to the
measurement errors. Usually it is assumed that such a noise is white.

For continuous systems, the optimal solution for the noise-free output feedback
problem is presented in several places in the literature (e.g. Levine and Athans
1970, Mendel 1974, Kurtaran and Sidar 1974, Moerder and Calise 1985). However,
for noisy output, a major difficulty is encountered in finding the optimal solution if
the classical quadratic performance index is used. Due to the presence of white
noise, the performance index necessarily diverges (Ermer and Vandelinde 1973,
Kurtaran and Sidar 1974), which necessitates the use of some alternative perfor-
mance measure. It was shown by Ermer and Vandelinde (1973) that the discrete
linear, stochastic output feedback control problem is well posed. Optimal solutions
for discrete stachastic output feedback control problems presented in Ermer and
Vandelinde (1973), Kurtaran {1975) are obtained in terms of high order non-linear
algebraic equations.

Singularly perturbed output feedback systems did not receive much attention
until 1980 (Calise and Moerder 1985, Chemouil and Wahdam 1980, Fossard and
Magni 1980, Moerder and Calise 1985, 1988, Khalil 1981, 1987, Gajic et al. 1989),
due to their inherent ill-conditioned dynamics. For noise-free, output feedback,
continuous singularly perturbed systems, a well-defined recursive algorithm is
developed in Gajic er al. (1989). The algorithm removes the inherent ill-conditioning
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for singularly perturbed systems by decomposing high order non-linear equations
into low order algebraic equations corresponding to slow and fast modes.

In this paper a new recursive algorithm is developed for the discrete singularly
perturbed output feedback stochastic control problem. Non-linear algebraic matrix
equations are decomposed to ones corresponding to slow and fast modes, so that
only low-order systems are involved in algebraic computations. Moreover, such a
decomposition removes the ill-conditioning of the higher order system. The pro-
posed algorithm gives the accuracy of O(¢), where £ is a small perturbation
parameter and J is the number of iterations.

The paper is organized as follows. Section 2 formulates the problem of optimal
output feedback in terms of higher order algebraic equations. Section 3 describes
the derivation for decomposing the higher order problem to lower order problems,
and the recursive algorithm for solving these lower order equations. Section 4 shows
the application of the algorithm through a real world example, and § 5 concludes
the paper.

2. Problem formalation .
A discrete linear singularly perturbed stochastic system is given by Gajic er al.
(1990), Gajic and Shen (1991).

xy(k + 1) =1+ ed))x (k) + eA,(k)x, (k) + £B,ulk) + ¢G,w(k) (n
Xp(k + 1) = A3 x,(k) + Ay xy(k) + Byuk) + Gyw(k) (2)
Yk} = Cix,(k) + Cyxy(k) + v(k) (3)

where x,(k) € R, x, € R" are state vectors, u € R™ is a control input, y € R" is
the measured output, w € R" and v € R” are stationary uncorrelated gaussian zero
mean white noise processes with intensities W > 0 and V > 0, respectively. Matrices
A;, B, G;, and C;, i=1,2,3,4, j=1,2 are constant matrices of compatible
dimensions.

With (1)-(3), consider the performance criterion

e [T [a®] | . |
J_E(k;) [xz (k)} Q[x2 (k):l+u (k)Ru(k)) (4)

with positive definite matrix R and semipositive definite matrix @, which has to be
minimized. In addition, the control input u(k) is constrained to

u(k) = Fy(k) (3)

Equations (1)-(3) can be written in compact form as the following
x(k + 1) = Ax(k) + Bu(k) + Gw(k) (6)
(k) = Cx(k) + v(k) (7

where
| xk) | T+ed, ed; | &By
R A R

eG
G=[Gj, c=I¢ Gl
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Substituting (7) into (5), we obtain
u(k) = FCx(k) + Fu(k) (8)

The performance criterion, then becomes
J=F [ Y xT(k)Ox(k) + (FCx(k) + Fu(k)) "R(FCx(k) + Fv(k))]
k=0

'Interchanging the expectation and summation and using E[v(k)xT(k)] =0,
E[oT(k)x(k)] =0, J can be written as

J= i (tr [QP*(k)] + tr [CTFTRFCP*(k)] + tr [FTRFV(k)])
k=0

where P*(k) = E[x(k)x(k)] is the variance of the system driven by white noise and
can be obtained from (6).

For stochastic systems, the performance criterion, as described above, grows
without bounds, but in the limit, the average value of J given by Halyo and
Broussard (1981)

N

J = lim %\1 ( Y tr [QP*(k) + CTFTRFCP*(k)] + tr [FTRFV(k)])
N-roo k=1

is bounded, provided that P*(k) is bounded and convergent. Such an average cost

is given by

J =tr [QP] + tr [CTFTRFCP] + tr [FTRFV] (9)

where P is the steady state solution of P*(k) which can be found from (6) and (8)
as follows

P =(A + BFC)P(A + BFC)T + BFVFT BT + GWGT (10)

J can now be minimized with respect to F subject to constraint (10). Using the
Lagrange multiplier technique the following equations are obtained in Ermer and
Vandelinde (1973), Kurtaran (1975)

L=(A4+BFC)"L(A + BFC) + CYFTRFC + @ (1
F=—(R"+ BTLB) 'BTLAPCT(CPC™ + V1)~ (12)

where L is the matrix of Lagrange multipliers. Equations (10)~(12) are high-order
non-linear algebraic equations which have to be solved for P, L, and F. It is worth
mentioning that the derivations for (10)—(12) assume that all the eigenvalues of the
matrix (4 + BFC) have moduli strictly less than 1.

It is shown in Halyo and Broussard (1981) that the following algorithm
proposed for the numerical solution of (10)-(12) converges to a local minimum
under non-restrictive assumptions. The algorithm initially chooses F such that
A + BFC is a stable matrix and then computes the following equations iteratively
fori=1,2, ..

PY+D = (4 4+ BFOC)PY+ Y4 4+ BFOC)T 4 BFOVFOY' BT L GWGT (13)
L0+ = (4 + BFWC)TLY* (A + BFOC) + CTFY'RFOC + @ (14)
me — _(RT -+ BTL(i+ I)B)—IBTL(i+ I)AP(.'+ l)CT(CP(i+ I)CT + VT)—I (15)

FitD = F® 4 4 (F,,., — F'™ (16)
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where o; € (0, 1] is chosen at each iteration to ensure that the minimum is not
overshot, that is

Jo =tr[(Q + CTFOTRFOC)PU+D] 4 1r [FY RFOV]
<J;=tr[(Q + CTFU-D'RFU-DC)PO) + tr [FU- V' RFU-DY]

The next section shows how we can decompose (13)—(15) in the algebraic equations
corresponding to slow and fast modes, in order to get lower order, well defined,
algebraic equations, and to achieve any order of accuracy.

3. Lower order decomposition

Equation (14) is a standard Lyapunov equation of the discrete singularly
perturbed linear system, while (13) is not in the standard form. Therefore, a slight
difference occurs in the lower order expressions for these two equations. First, we
will decompose (13).

Partition matrices (4 + BFYC), (BFPVFYBT + GWG™) and P as follows

o | T +eD? DY)
A+BFOC=|""0" o (17)
N [£254)  &SY)
BFOVFOBT + GWGT = con o jl (18)
| <2 3

P> — [ P &P
= lepem Py

where
D=4, + B, FYC,
D{*= 4, + B, F"C,
DY = 4y + B FOC,
D) = 4, + B,FC,
SW = B, FOVFO BT + G, WGT
SH =B, FOVFO'RT + G, WGT
§§* = B, FOVF" BT + G, WG]
With such partitions, expanding (13), we obtain
DYPY+N 4 pi+DDOT L pYOPY+IT 4 pepET 4 DY pY+D DY
+ 8P+ gDPPEIDET + DPPYHITDYT + DOPITOIDOY =0 (19)
PYEDDYT 4 PEHODOT 4 DPPHIDYT — PYHD 4 SO
+eDYPIFIDYT + DOPYHITDOT 4 DPPEFIDPTY =0 (20)
DYPG+IDYT — PY) 4 S
+e(DYIPE+ODYT - DPPYODYT + DYPPEHITDYTy =0 (21)
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We can obtain an O(e) approximation of {19)—(21) by setting ¢ =0 as
DPP,E+I 4 pU+DDOT 4 pYPTED 4 pUDDOT 4 SO 4 DPPLHIDET =0

(22)
PUHDDOT L pEEDDOT L DPPUIHDDOT _ pa+h 4 SO —
(23)
DPPU+DDET _ pi+h 4 SO —
(24)
where the underscore represents solutions when g =1{,
From (23) we can express P,¢*" in terms of P,“*" and P+ as
Pz(i+ D= (PI(H- I)Dgf)'f + D(Z;)P3(i+ 1)D2,>)T + S(zi))(] _ DS{)T) -1
= N{?++ PVt DN (25)
where
NY = (DR~ PDYT + SPYT — DY)
N§ = DY — DY)y~
Substituting (23) inte (22) and doing some algebra, we obtain
ADPpLi+H 4 parHLOT L GO = (26)

where

AD = DY 4+ pHNDT

Q"m — Dgf)Nﬁi?’T—i— N‘l"’D‘z")T + D‘Z"P‘;'* nD(znT + S0
Since slow and fast subsystem feedback matrices 4> and D{’ are stable, equations
(24), (26), and (25) can be solved sequentially for P,“*", P+ and pU+D
respectively.

In order to make an improvement over the O(g) approximate solutions given
above, express P{*", PY*Y and P{*" as

P = Pt 4 oE, (27)
PE+D = PU+) 4 ¢F, (28)
Pgi+l)=&(i+l)+3E3 (29)

Subtract (22), (23), and (24) from (19), (20}, and (21) respectively, and after doing
some algebra, we obtain the following equations

DPEDY" — Ey= —(DYP{* DY + DYPY+ODY' + DPPYIDYT)  (30)
EAY" + AVE, = —(HDY" + DYH™ + DYE,DY" + DY P{+ VD"
+DPPGHITDET 4 DOPY IDYTY (D
E,=E D" (I—DV) '+ H (32)
where
= (D‘z")E3D£”T+ DY P+ ,)Dg»)T+ D(zi)P(2i+1)TDg')T+ D(li)P(zi-H)Dg)T)([—Dg)"")—]

Equations (30), (31), and (32) can be solved sequentially for E;, E,, and E, by
proposing the following algorithm.
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Initialize E\® =0, E" =0, EY=0
For j=0,1,2, ... do the following iterations
Dg’)Egj+lngr‘)"'_E(3j+l)= —[Dg’(ﬂ”*”+8E‘,”}D‘3"’T+ Dg)(&(-’ﬂ)
+EEYY)DYT + DO(PL D + e EYYTDY (33)
HO =[DYEY+ DT + DL+ + sEY)DYT
+ DY(PI N 4+ B TDYT
+ DR + eEY) DTN — DY)
EY+VA0T 4 JOEG+D = _[HUODYT 4+ DPHOT 4+ DYPEY+IDYT 4 pP
+ (LD + eENDY + DPPLIY + eEY)TDYT
+D{(P Y + 2EY)DE] (34)
EY+N = EYHODYT(I — DY~ + HO (35)

The following theorem establishes the features of the proposed algorithm.

Theorem 1
The algorithm described by (33)-(35) converges to the required solutions £,
E,, and E, with the rate of convergence O(¢) (the proof is given in the Appendix),
that is
|E, —EP | =0), m=1,2,3 and j=1,2,3, .. (36)
g

The above theorem implies that
[P (P, UtV +eEQ) | =0(¢), m=1,2,3 and j=12,3,..

"

Therefore PU+" can be iteratively solved with an arbitrary accuracy.
Similar lower order equations can also be obtained for (14). Performing the
following partitioning

0+ crrorpric <| 4 "(2”] (37)
| T Q)
| 42 g3
and
o Tewy Ly
L™= LYT LY
where

¢\’ = CTFY"RFOC, + Q,
gy’ = CTFY'RFOC, + Q,
q§' = CIF""RFOC, + 0,

the zero-order approximations of L{*", LY+, and LY4*" can be found by solving
the following equations

DE{""I_J__!("*”DE{)—Q("“) = —g¥ (38)
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Lt(i+1)ljf(f) 4 A‘(f)’rL](w = _RW (39)
.L;z(i+” —_ (&(H—UD(ZI') + Dg)Té_:;(f+l)D(4i) + q(zl))(l _Dg)) -1 (40)
where
KA’(I') — M(lI)Dgl) + Dg,)lM(l,)l+ Dg’.)ll'g(,'.*. l)D(ai)—"‘q(li)
M = (DL~ DY + g X1 — DY) !

Defining the errors as

L(l"+')=h(i+"+‘9£1 (41)
LYY =LY + ¢k, (42)
LYV = LU+ D 4 ¢E, (43)

we obtain the following equations
DY"E,DY — By = —(DY'LY* DY’ + DYTLY DY + DYTLY VDY) (44)
E A9+ A9TE, = —(ADY'+ DYAT + DY"E,DY
+D(li)"‘L(li+ I)D(li)+ Dgi’TL‘z"*"TD‘l” + D(li)TL(2i+1)Dgi)) (45)
E,=EDYU-DP) '+ H (46)
where
A = (DYE,DY + DYLE VDY + DYTLET DY 4 DYTLEH DY) - DY)

Equations (44), (45), and (46) can be solved for £;, £, and £,, respectively, by
proposing a similar kind of algorithm as for (30), (31) and (32), as follows.

Initialize £ =0, E¥) =0, £y =0,
For j =0, 1, 2, ... do the following iterations
Dg‘)TE(Jj-H)Dg)_ EY+Y = — (DYDY + eEMDY + DYPT(L,+D
+eEPDY + DPT(LI+ D + eESNTDY (47)
HD = DYTEY-IDY 4 DT(LYHD 1 eEMDY
+DY(LE T 4 sE5)TDY)
+D{ (LD + eEP)DYYNT — DY)
EY+D g0 4 JOTEGY = _(FODY 4 pYTRUT 4. pOTEG+ODY
FDYLHD + eEYNDY + DL + eEY)TDY

+ DL Y + eE)DY) (48)
£Y+Y = EY=0DY( — DOY_, + AV (49)

In summary, P can be computed by using equations (24)—(29), and (33)-(35),
and L can be computed by using equations (38)—(43), and (47)—(49). Further-
more, since the algorithms for P and L are independent from each other, the
computation can be done in parallel. The following algorithm presents a complete
solution to our problem,
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3.1. Summary of the algorithm

Step 1.
Step 2.
Step 3.

Step 4.

Step 5.

Step 6.
Step 7.
Step 8.

Step 9.
Step 10,

Initialize £ such that (4 + BF'®C) is a stable matrix.

Fori=0,1,2, .. repeat steps 3—10.

Calculate DY?, DY, DY, DY’ and S, S¥, S{, and ¢{", ¢%°, ¢ from (17),
(18), and (36) respectively.

Calculate P,Y* ", P“*PD and P,U*Y from (24), (26), and (25) respec-
tively.

Initialize E¥ =0, EQ =0, E®=0. For j=0,1,2, ... solve equations
{33)—(35) until the desired accuracy is obtained.

Construct P{+D, P+ pe+D from equations (27)-(29).
Calculate LV, L%+ Y L0+, from (38), (39), and (40) respectively.

Initialize £¥ =0, £9 =0, EQ =0. Forj =1, 2, ..., solve equations (47)—
(49) until the desired accuracy is achieved.

Construct L{+D, L{+D LY+Y from equations (41)—(43).

Construct P and L and calculate F,., and F¥*V from (15) and (16),
respectively.

If F is chosen such that A + BF®C is stable then this algorithm converges for
sufficiently small « such that 0 <a < 1 (Halyo and Broussard 1981). The effect of
different values of x on the convergence speed and the convergence pattern, is
shown in the following example.

4, Numerical example
In order to demonstrate the efficiency of the proposed algorithm, which yields
O(¢/) approximation, we run a real world physical example (a fifth order discrete

e=027a=013

(1) Jn JO_g@
1 2-86059 028163
2 2-68072 0-10176
3 2-61881 0-03985
4 2-59517 0-01621
5 2-58570 0-00674
6 2-58178 0-00282
7 2-58014 0-00181
8 2-57945 49 x 107
9 2-57915 1.9 x 1074
10 2-57902 6x10-°
11 2-57897 1x10-7°
12 2-57896 0

Table I. The O(e¢/) approximation.
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Figure 1. (#) Convergence behaviour for different «.

model of a steam power system (Mahmoud 1982). The problem matrices are as follows

09150 00510 0-0380 00150 0-0380 0-0098
—0-0300 0-8890 —0-0005 00460 01110 0-1220

A= | —=00060 04680 0-2470 0:0140 00480 |, B= (00360
—0-7150 —0-0220 —-0-0211 0-2400 —0-0240 0-5620
—0-1480 —0-0030 —0-0040 0-0900 0-0260 01150
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The remaining matrices are chosen as

1100 0
c_[o 011 1], O0=1I1, R=1, G=B, V=1, W=5,

The modulus of the eigenvalues of matrix 4 are 0-9, 0-9, 0-25, 0-25, 0-03. Thus we
have two fast and three slow variables. The small parameter ¢ is chosen to be 0-27
which is roughly the ratio 0-25/0-9. The O(¢/) approximation is demonstrated in
Table 1. The number of iterations for approximating P and L, as in steps (4) and
(6) of the algorithm, are high enough so that |EY*"|,—|ES’|. and
IES |, = | E2 [y m = 1,2, 3, are less than 105, which verifies the O(¢’) theory.
For this example the typical number of iterations for such tolerance was nine.

Figure 1(a) shows the effect of o on the convergence speed. It is noted that the
convergence is fastest if « is chosen close to 0-85. Figure 1{) shows the convergence
behaviour for different . Simulation results are obtained using a L-A-S package for
computer aided control systems (West er al. 1985).

5. Conclusion

The reduced order numerical technigque is obtained for the solution of the
non-linear algebraic equations of the output feedback control problem of discrete
singularly perturbed linear stochastic systems. It brings a considérable reduction in
the size of computation and makes the problem well defined. In addition, the
presented algorithm is very suitable for parallel programming, so that the process-
ing time is also reduced.

Appendix
Proof of Theorem 1
Let & = E — EY~D m =1, 2,..., then (33) can be written as
DAY+ IDYT = i DYAPDYT + DAY DT + DYV DY)
from which it follows that [d{*"| = O(e).
Similarly
HYD — HU=D = (DYPdY+ DY + DVedP DY + DYedy DY
+D{edy DT — DY)~
Since all terms on the right hand side are (), this implies that
[H — HY=D| = O(¢). On the same lines (34) can be written as
d(lj+ 1)(j(i))'r + /‘f(nd(lﬁ n_ -—[(HU) — HY- ”)D‘Z"’T + Dg)(H(j) — HU- l))T
+ DYDY + DPed{P DY + Dedy DT + DVed DY,
All terms on the right hand side are O(e), which implies that [[d{/*V] = O(e).
Similarly (35) can be written as
dY+ D = diy+ PO~ DYPTYP 4 U - HU=D
Again all terms on the right hand side are O(g), which implies that |d¥*"| = O(e).
Continuing the same procedure it follows that
|ED —E,| =07, m=1,2,3 j=1,2,..

Thus the proposed algorithm is convergent.
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Using D{™), m = 1,2, 3 in (33)—(35) and comparing it to (30) —(32), implies that
the algorithm (33)-(35) converges to the unique solutions of (30)}—(32). This
completes the proof. O

REFERENCES

CALISE, A., and MOERDER, D., 1985, Optimal output feedback design of systems with
ill-conditioned dynamics. Automaiica, 21, 271-276.

CHEMOUIL, P., and WAHDAM, A, 1980, Output feedback control of systems with slow and
fast modes. Journal of Large Scale Systems, 1, 257-264.

ERMER, C. M., and VANDELINDE, V. D., 1973, Qutput feedback gains for a linear discrete
stochastic control problem. [/ E.E_E. Transactions on Automatic Control, 18, 154~157.

FossArRD, A., and MaGnI, J., 1980, Frequential analysis of singularly perturbed systems
with state or output control. Journal of Large Scale Systems, 1, 223-228.

Galic, Z., PETKovsKI, D, and HARKARA, N., 1989, The recursive algorithm for optimal
static output feedback control problem of linear singularly perturbed systems.
I.E.E.E. Transactions on Automatic Control, 34, 465-468.

Ganc, Z., PETKovsKI, D1, and SHEN, X., 1990, Singularly Perturbed and Weakly Coupled
Linear Control Systems — A Recursive Approach, Lecture Notes in Control and
Information Sciences (Berlin: Springer-Verlag).

Galc, Z., and SHEN, X., 1991, Parallel reduced-order controllers for stochastic linear
singularly perturbed discrete systems. I.E.E.E. Transactions on Automatic Control, 36,
87-90.

HaLyo, N., and BroussarD, J. B, 1981, A convergent algorithm for the stochastic
infinite-time discrete optimal output feedback problem. Proceedings of the Joint
Automatic Control Conference (Charlottesvillie, NC).

KHALIL, H., 1981, On the robustness of output feedback control methods to modeling
errors. LE.E.E. Transactions on Automatic Control, 26, 524-526; 1987, Output
feedback control of linear two-time scale system. Ibid., 32, 784—-792.

KURTARAN, B., 1985, Suboptimal control for discrete linear constant stochastic systems.
I.E.E.E. Transactions on Automatic Control, 20, 423-425.

KURTARAN, B., and SIDAR, M., 1974, Optimal instantaneous output feedback controllers
for linear stochastic systems. International Journal of Control, 19, 797-816.
LEVINE, W., and ATHANS, M., 1970, On the determination of the optimal constant output
feedback gains of linear multivariable systems. I.E.E.E. Transactions on Automatic

Control, 15, 44—48.

MAHMouUD, M., 1982, Order reduction and control of discrete systems. Proceedings 1.E.E.
129, D, 129-135.

MENDEL, J., 1974, A concise derivation of optimal constant limited feedback gains, I.E.E.F.
Transactions on Automatic Control, 19, 447-448,

MOERDER, D., and CALISE, A., 1985, Convergence of a numerical algorithm for calculating
optimal output feedback gains. I.E.E.E. Transactions on Automatic Conirol, 30,
900-903; 1985, Two-time scale stabilization of systems with output feedback. Journal
of Guidance, 8, 731-736; 1988, Near-optimal output feedback regulation of ill
conditioned linear systems. /.E.E.E. Transactions on Automatic Conitrol, 32, 463~466.

WEST, P., BINGULAC, S., and PERKINS, W., 1985, L-A-S: A computer aided control system
design language. Computer Aided Control System Engineering, M. Jamshidi and C.
Herget (North Holland: Amsterdam).



