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Exponential Stability of Singularly Perturbed
Systems withTime Delay
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In this article, we study the exponential stability of singularly perturbed systems with time delay. By using
vector delay inequalities and Lyapunov functions, exponential stability criteria are derived for both linear
and some classes of nonlinear singularly perturbed systems with time delay. Examples are given to verify
the stability criteria.

Keywords: Singular perturbation; Time delay; Exponential stability

AMS(MOS) Subject Classifications: 34D20; 34K20

1. INTRODUCTION

Singular perturbation techniques have been highly recognized and applied in a wide
spectrum of fields such as mathematical modeling of physical systems, circuits,
networks, fluid mechanics, etc. [1-8]. The stability properties of the singularly per-
turbed systems have been studied by many researchers. In [9], the stability bound of
the singular perturbation parameter € is found. A criterion in terms of the H,, norm
is derived for a delay-dependent stability bound of the parameter e [10]. Linear
matrix inequality approach is proposed for the stability of singularly perturbed
differential-difference systems [11]. Some results on asymptotical stability of singularly
perturbed systems with small time delay are obtained in [12,13]. The previous studies
have mainly focused on the linear and nonlinear singularly perturbed systems described
by ordinary differential equations (ODEs), and the exponential stability issues have not
been addressed. In this article, we study the exponential stability properties of the
singularly perturbed systems with time delay. By establishing some vector delay
inequalities and using Lyapunov functions, exponential stability criteria for linear
and nonlinear singularly perturbed systems with time delay are derived. Examples
are given to verify the criteria.
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The remainder of this article is organized as follows. Section 2 introduces some
notations, definitions and lemmas. In Section 3, the exponential stability properties
(criteria) for linear singularly perturbed systems with time delay are derived.
Extension of the properties (criteria) to the nonlinear singularly perturbed systems
with time delay are given in Section 4, followed by conclusions in Section 5.

2. PRELIMINARIES

To facilitate the discussion, it is convenient to introduce the following notations,
definitions and lemmas.
Consider a singularly perturbed system with time delay

X/ :f(l, X, x(l - T)a Z, Z([ - T))a

(2.1)
ez = g(t,x, x(t — 1), 2),
where x € R", z € R™ are slow and fast state variables, respectively, f'and g are contin-
uous for all variables, f(¢,0,0,0,0) = g(¢,0,0,0) = 0, t is a constant time delay, and ¢
is a small positive parameter. For the system (2.1), the delayed fast variable is not
included in the fast subsystem for simplicity.

Letx,=x(t+0),6 € [—1,0], x(¢, to, X1, 24, ), 2(2, to, Xy, Z1,) be the solution of system (2.1)
with initial functions x(29, 0, X1»Zsy) = X1 2(105 20, X105 Z10) = Z1g» I1%]| = (X + 234 -+ 4-x2)1/2
be the Euclidean norm of vector x, ||A| = max;<j<m[) . ?’:lafj]l/z be the norm of an
nx m matrix 4= (a;) and [[|x/|l| = (3_ 7| SUPgef—r. 1 Ix:(0)1*)!/%. Let AT be the trans-
pose of nx m matrix 4, A(A) the eigenvalues of a n x n matrix A and ReA(A4) the
real part of A(4). A symmetric matrix P > 0 is called positive definite, if all of its
eigenvalues are positive. We write x = (x1,... ,xn)T >0(<0)if x; >0 (<0) for all
i=1,...,n.

Definition 2.1 System (2.1) is called exponentially stable if, there exist positive
constants K and « such that

IO+ 112 < KXol + [z, 1De™ ), ¢ € [tg, 00),

for all solutions x(t) = x(t, ty, Xs,, Z1,)> 2(t) = z(, to, X1y> Z1y)-

Definition 2.2 A real nxn matrix A, with positive diagonal and nonpositive off-
diagonal elements, is called on M-matrix if all its eigenvalues have positive real part.

LeEmmMma 2.1 Let A(t) be an n x n matrix of continuous functions defined on the interval
J =10, + 00) and

(i) ReA(A() < —c1 <0, Vield;
(i) [ADI <y NADN <2, Vi€

then there exists a positive definitive matrix P(t) such that

AT()P(1) + P()A(t) = —1,



SINGULARLY PERTURBED SYSTEMS WITH TIME DELAY 119

where ¢y, ¢, are constants and I is the identity matrix.
The proof of Lemma 2.1 may be found in [4] and the next lemma is taken from [9].

LemMMA 2.2 Let o, B,u € C(R,RT), a(t) — B(t) > A* > 0 B(¢) is bounded and

(1) < —a(u(n) + ) sup u(?),

velt—r1,1]
then there exists A > 0, such that

u(t) < sup  u(@e M >
Oelto—1, to]

The following lemma will be used frequently in the next two sections.
LeEmMmA 2.3 Let A(t) and B(t) be defined the same as in Lemma 2.1. Assume that

() MA@+ AT(1) < —a(t) < 0, B(1) is bounded,
(i) —a(t)+2||B()|| <—B<0, B is a constant,
(i) y'(1) = A1) + B(1) sup,; <4, (),

where y = (Vl’y2)TZ 0; Supz—rgogty(e) = (Supt—rgang/l(Q)a Sup,_t§9§,y2(9))r. Then there
exists a* > 0, such that

Il < My llle™ =, 1 e [tg — 7, 00). (2.2)
Proof Let v(f) = ||y||*> = y"y, then

POy A0 + A0 + 27 0B sup y(6)

t—T1<0<t

< =)y + 21BOyOll 1yl
< =)y + IBONUYOI + 1yl
< [—a(®) + IBONIYOI + IBO I
< [—a(t) + I BOIV@) + IBO 1.

By condition (ii) and Lemma 2.2, we get (2.2). The proof is complete.

3. LINEAR SYSTEMS

In this Section, we shall study the exponential stability of the following linear singularly
perturbed system with time delay defined by (2.1).

X = An(O)x + Aia(t)x: + Bii(H)z + Bia(0)z,,

(3.3)
€z’ = Ax()x + An()x; + By (H)z,

where xe R, ze R", x, e C([t—1,1,R"), z; € C([t — 7,1}, R™), A;(t), By(t) are
matrices with appropriate dimensions, 1 <i, j<2, t>0 is a constant and A;(¢),
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A»1(1), A2 (1), Byi(7) are continuously differentiable. B;(¢) is assumed to be nonsingular
for every ¢.

(S71): Assume that there exist constants y and u, such that
ReA(Ba(0) < =y, 1Ba)Il < u, 1By < w3
Rer(4n(0) < =y, [4u@OI <, 14,01 < i

1B (A1 (DI < p, 1By (DAn(D)I] < p.

for all r € RT.

From (S;) and Lemma 2.1, there exist differentiable positive matrices P(¢) and P(¢),
such that

AL (OP(D) + P1(DAN() = —1,, (3.4)

BY (0P(1) + Py()Boy (1) = — Iy, (3.5)

where 1, 1,, are n x n, m x m identity matrices, respectively. The solutions of (3.4) and
(3.5) are given by

lo¢]
Pl(t):/ Ao gy
0

and

00
PZ(I) = / eBZTl(t)UgBll(f)Gdo.)
0

respectively. There exist positive constants M;, M, and «;, B; (i=1,2), such that
My < 1P\ < My; My < 1ROl < M»;
ar||xlI* < xTPi(0)x < Billx;
wlizl? < 2" Pa0)z < Bzl

Tueorem 3.1 If (S)) holds, and

(1) there exist functions a;(t), b; (1), i,j=1,2, satisfying

2x" Pi(Ana(0)x; + Bii(0)z + Bia(0)z) + x" P{(0)x
< anOIx1” + an®Ol1x1? + biu@Ollz = hlI* + br2()ll|(z = k), 1117,

and
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—2(z =)' Pyl +(z— W) Pz —h)
< an(OIIx)* + anONIX| 1 + b (D)2 = AlI* + bxlliz — b1,
where h = — By ()[A21()x(1) + Ax(f)x/], and a,:z(l)sz,-z(Z) are bounded,

(2) there exist positive numbers € and n, such that —A(t) is M-matrix and MA+ A+
2Bl <n for all t € RT, where

I—an(@ b1 () app(t)  ba(2)
—_ Bi o — o a
A() = , B(t) = 5
az (0 _1=ebh() ay(f)  bxn(t)
o € Ba(1) o o

then the singularly perturbed time delay system (3.3) is exponentially asymptotically
stable for all € € (0, €*].

Proof Let W(t,x,z) = (z — h)" Pa(0)(z — h), V(t,x) = xT Pi(f)x, then the derivative of
W along with system (3.3) is given by

W' = =) Py)(z — h)+ (z — W) Pa(t)(Z — I)
+(z =) PY(1)(z — h)
T
= [i (A21(1)x + A (1)x; + Bai(1)z) — h/:| Py(t)(z — h)

+(z = )" Py(1) E (A21(D)x + An(D)x, + B (1)z) — h/:|

+(z =) Py1)(z—h)
= L WY [BL0PA0) + Po(0) B (0] ~

—2(z = W PO + (z — )T Py(0)(z — h)
<~ L(1 — ebu(@llz — Al + an (Dl

+ anOl1x 1> + b))z — h), 1117
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and the derivative of ¥ =x"P,(¢)x along with system (3.3) is given by

V' =[A1(0)x + Aia()x, + Bi1(0)z + Bia(0)z/]" Pi(t)x

+ x" Pi(O[A11()x + Apa(Dx, + Bi1(0)z + Bia(1)z/]
+ xTP’l(t)x

< xT(A],()P1(t) + Pi(1)A11(0)x
+ 2xT Py (6)(A12(0)x; + B11(0)z + Bia(0)z;)
+ xTP’l(t)x

< —(1 = an@)Ix)* + a1
+ bu(D)llz = AP + bl — b,

The property of —A4*(¢) being M-matrix implies ((1 —€*b,(2))/e*B2(7)) > 0. Since
—1/e is an increasing function of ¢, then

) 1 — ¢ b t t b t
pr<tzm@y i@y, 4@, 6@ g,
Bi o o] o)
and
<@y 1=y, an®),, | 000,
oo €Br @ o2
<@y 12m@y, a0y P20y e 0,6,
o B a1 o2

By Lemma 2.3, it follows that there exists a positive constant A > 0, such that
Vo< (VI N [,

and

W< (Vi + 15 e
Thus, there exists a positive constant K, such that

Il < Kyl I+ 11z | e (3.6)
because ||[(z — h), |l < Izl + 1A, ]ll. Moreover, (3.6) and

Izl = 1Al < Iz = WO < (ea)™ W12

imply that there exists a constant K, > 0 such that

1zl < Ka(lllxi |l 4 11251 e,

where i = — B3 (t)[A21(£)x(t) + A2(1)x(t — 7)]. The proof is complete.
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THeorReM 3.2 Consider the Case 1 of the system (3.3) with constant coefficient

{ X' = Ay x+ Apx(t — 1) + Boz(t — 1),

€z = Ay x + By z.

Assume that
(1) MA]} 4+ A1) < —r < 0; MBI, + Byy) < —2p < 0;
2) =M +ap+bi+ I|B|| <0, where B = (Z; 112;)>

1 1
412 — BiaBy Aol = arn, 1Bl = b2,  1B3 421 Al = ao,

IB5! Asi Aol = aza, || B5) A2i Bial| = boo.

then there exists € such that for any € € (0, €*] system (3.7) is exponentially stable.

123

(3.7)

Proof We shall prove that the positive constant €* is required to satisfy —Ai,/e*+

ar + an + by + | Bl < —hi +an + b + |B| < 0.

Let h = — B3 A x, V=x"xand W = (z — h)"(z — h). Then the derivative of ¥ along

with the system (3.7) is
V' i=xTYx+xTy
=[A1x + Appx(t — 1) + Bpoz(t — ] x
+ xT[A”x 4+ Apx(t — 1) + Baz(t — 1)]
= x"[A]} + Aulx + 2x"[A1x(t — 7) + Bpaz(t — 7)]
< —axTx 4+ 2xT[A15x(t — 1) + Bpah(t — 1) + Bia(2(t — 1) — h(t — 1))]
< —axTx +2xT[(A12 — BBy A21)x(t — ) + Bia(z(t — ©) — h(t — 7))]
< (=M tan+ b))V +anlllVilll + b l1Will.
The derivative of W along with (3.7) is

W' =lz=n"Te=h+E-nE-h

| T
= {G(AZIX + By12) + By Aai[A11x + Appx(t — 1) + Biaz(t — T)]}

1
X(z=h+ (- h)T{g(Azlx + By1z) + Byl An[Anx + Apx(t — 1) 4 Bipz(t — T)]}

A

<- f(z — )T (z = h) 4+ 2(z — h)" By Ax[A11x + Apax(t — ©) + Bpoz(t — 7))
A

< —fuz — hl? 4211z = W)l [az I1x]| + a1 + baa [l ]

A
< |:—?2+6121 + an +b22} W +anV + anlllVlll + ballIWI.
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In view of (2) and Lemma 2.3, for any € € (0, €*), there exists « > 0 such that

Ixl1 =V < [Vl + 11 Wy 1]

Iz = A = W < [Vl + N e,
Similar to the proof of Theorem 3.1, it follows that there exists K > 0, such that

1l < K D 11 =+ 1z e

IzIl < K[l 11l 4 N1z |15,

The proof is complete.
Example 3.1 Consider the system
X' = =2x+z(t — 1),
(3.8)
€z =3x— 3z
Using the notations of Theorem 3.2, we have

(1) M=42=6; a;n=1; a1 =2; ap=0; bjy=1; byo=1; B* = (; ;) and
(2) —xi +an+bi+ Bl <0,

By Theorem 3.2, there exists €*=1.2 such that for any € € (0, €*] system (3.8) is
exponentially stable.

TueoreM 3.3 Consider the Case 2 of the system (3.3) with constant coefficient

{X/:A“X-FB“Z(I), (3 9)

€z = Apx(t — 1) + By z.

Assume that
(1) MAT, + A1) <=2 < 0; MBI, + Bay) < =20 < 0;
(2) =1 +ain + by + 1Bl <0, where B = (”'2 O),

an by

. 1
IBiBy Anll = aia,  1Bull = bu1,  |1B3 Andnll = an,

|1 B> A2 B11 By Ao |l = @35, || By A2aB11 || = boa.

then there exists € such that for any € € (0, €*] system (3.9) is exponentially stable.

Proof We shall prove that the positive number €* is required to satisfy —A,/€*+
ax + by + ||B*|| < =X + a2 + by + ||B*|| < 0 is required.
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Let i = —B5 Apx(t — ), V = x"x and W = (z — h)" (z — h). Then the derivative of
V along with the system (3.9) is

V' =xTYx +xTx =[Anx+ Buz()]" x + xT[4,1x + B12(0)]
= x"[A]} + Aulx + 2x"[B11(z — h) + B11 By] Anx(t — 7)]
<(—Mtan+b)V+apV(iE—v)+buW.

The derivative of W along (3.9) is
W' =[-n"Tc-h+Ec-n'E—h
= E(Azzx(l — 1)+ Byz) + By Ax[ Ay x(t — T) + Byyz(t — f)]}T(z —h)
x (z — h)T[l (A22X(t — T) + Byz) + By An[A 11 x(t — ©) + Byyz(t — f)]

1
——(z = )T (B}, + Bu)z — ) + 2=z — 1) By Ay

IA

x [Anx(t — 1) + By (z(t — ©) — h(t — 7)) + B11 B3] Apx(t — 27)]

IA

A
—:2 Iz = hlI* + (a2 + a3y + b)llz — hl)* + axllIx(t — DI
+ baalll(z = Wt = DIIIP + ay | 1x(t — 20117
A’ *
< [—62 +an +d5, + bzz] W + (ax + &) 1 Villl + baa W
In view of (2) and Lemma 2.3, for any € € (0, €*), there exists & > 0 such that

IXI* =V < TNV |l A+ 1T e,

lz = all> =W < [Vl + Wil []e ).
Similar to the proof of Theorem 3.1, it follows that there exists K > 0, such that

]l < K[l 11+ [z [1]e 1),

IzIl < K[l 1l 4 1z 1],

The proof is complete.

Example 3.2 Consider the system

{ X' = =2x+ z(1), (3.10)

€z = 3x(t — 1) — 62.
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Using the notations of Theorem 3.3, we have

(1) Mi=4 =6 an=1/2; an=1; a5, =1/4 bp=1/2; b;; =1; (1/]2 1%)
(2) —A +ap +bi +IB|l < 0.

By Theorem 3.3, set €* =3 then for any ¢ € (0, €*] system (3.10) is exponentially stable.

The study of Cases 1 and 2 demonstrate the obtained stability criteria of Theorem 3.1.
Other cases of system (3.7) can be studied similarly.

4. NONLINEAR SYSTEMS

Consider a nonlinear autonomous singularly perturbed system

X =f(x,x,z2,2), x€ R", z€ R",
o @.11)
€z’ = Byiz + B(x, x,),

where f(x,x;,2,z,)= A1 x+g(x,x,,2,z,) and £(0,0,0,0)=0, B(0,0)=0, x, € C([t—1,1],R"),
0 < 7 < 0o. Assume that (4.11) has a unique equilibrium at the origin x = (0, ..., 0)7,

z=1(0,...,0)" and f, B are smooth enough to ensure that, for continuous initial func-
tions, (4.11) has a unique solutions.

(S2): Assume that there exists positive constant ¢ such that
ReM(411) < —¢; ReA(By) < —c,
If (S,) holds, then there exist positive matrices P; and P,, such that

Bl Py + P,By = —1,,

ALPL+ PrAn = —1,,
where 1,,,, I, are the identity matrices, and positive constants «;, 8; (i=1,2) such that
aillx|® < x"Px < Billx|*: i=1,2.

THEOREM 4.1  Suppose that (S,) holds and

(1) there exist constants ay, by, i, j=1,2, such that
Tp g 2 2 2 2
=2z = h)" Pl < aot | x|\ + axa |17 + barllz — All" + baalli(z — )1,
2x" Pig(x. X1, 2.20) < anllx” + anlllx |II* + birllz = hll> + balliz — h), 111

where h = —A~'(x)B(x, x,);
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(2) there exist € and n such that —A is a M-matrix and )\((/i)T + 1‘1) + 2||§|| < —n where

T —an bu ain by

- i o) ~ oo
A= . . B= ;

an 1= €by an bxn

o €py oo

then the nonlinear singularly perturbed time delay system (4.11) is exponentially
asymptotically stable for all € € (0, €*).

Proof Let W = (z— h)T P,(z — h), V=x" P,x. The derivative of W along with system
(4.11) is given by

W' = =) Pyz—h)+ (z—h)T Pz — 1)
= E (Baiz + B(x, X)) — h/:| sz(z — h)
+@Ez=h"P E (Bz + B(x,x;)) — h’]
= é(z — )T [BI, Py 4 PyBy(z — h) — 2(z — h)" PalY

1
= —_(—eb)|z - hl* + ax || x|
+ anll|x|I1? + bxnlll(z — i), 11>

The derivative of V'=x"P,x along with system (4.11) is given by

V' = (Anx+g(x,x,2,2)) Prx + xT Py(Ay1x + g(x, X1, 2, 2,))
< XT(A1T1P1 + PiA1)x 4 2xT Pig(x, x;, 2, z;)
< —(1 = a)xl* + anlllx|1? + biillz = All* + bialli(z — h), 111

Similar to the proof of Theorem 3.1, there exists a positive constant A > 0, such that
for any € € (0, €*),

V < (Vi L+ W e,
W < (Vi Il + W e,

and there exist positive constants K, K> such that

Ixll < Ki(ll1x 11l 4 llzi | De 0072,
lzll < Kol 1l + NNz [1De 002,

The proof is complete.
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TueoreM 4.2 Consider a special Case of system (4.11) with constant coefficient

X' =Anx+ Ap(x(t - 1)+ Bu(z), xeR', zeR",
: (4.12)

ez = Azzx(l — ‘L’) + B»z,

where Ay, Ay and B,y are constant matrices, Ai», and By, are continuous functional
vectors.
Assume that

(1) MA]} 4+ A1) <21 <0, MBI, 4+ By) < A < 0;
(2) there exist a;>0, b;>0, i,j=1,2, such that

2 (An(x(t — ) + Bii(2)) < anllxI® + anlllx | + bullz = 2l + bialll(z = A), 1117,

2z — )T By Ay (A1 x(t — 7) + Apa(x(t — 27)) + By (2(t — 1))
< anlllx|II* + ballz — 2> + baalll(z — ), 111,

wh~ere }5 = Bz_ll Agzx(t —1);
(3) AMA+ AT)+2|B| <0, where

i -\ +an b1 N ai bn
4= o) B(r) = .
a —:-i— 21 a»n by

then there exists a € > 0 such that the singularly perturbed system (4.12) is exponentially
asymptotically stable for all € € (0, €*].

Proof Let W(t,x,z) = (z— h)T(z — h), V(t,x) = xTx. The derivative of W along with
system (4.12) is given by

W' = -)'z=h+Gc=hnI'{E -
= E (Apx(t — T) + By12) + By Axna(A11x(t — 7) + App(x(t — 27))
T
+ B (z(t — T)))] z—h+(- h)TE (A2nx(t — 1) + By2)
+ B3 A (A x(t — ©) + App(x(t — 27)) + By (z(t — T)))}

1
=-(- )" (B, + By)(z — h)
+ anlllx|I* + barlliz — 1> + blll(z — h),111?

1
< (—;xz +b21)||z—h||2 + an x> 4+ balll(z — h),lII?

1
< (—g?»z +bzl>W+azzllth||| + b2 Il



SINGULARLY PERTURBED SYSTEMS WITH TIME DELAY 129

the derivative of V' =x"P,x along with system (4.12) is given by

V' = (Anx+ Ap(x(t — 7)) + Bi(2)) x + x7(A11x + Ap(x(t — 1) + Bii(2)
= xT(AT, + A1)x + 2x7 (4 12(x(t — 0)) + Bl (2))
< =M Xl + anllxl® + anllx A1 + biillz = > + bialli(z = h), 1P
< (= +a)V +apll|Vill + bu W + biall| Wi

Similar to the proof of Theorem 3.1, there exists a positive constant A > 0, such that
for any € € (0, €*),

V< (Vi I+ 1| De0),
W< (Vi |l 4 1 e,
and there exist positive constants K;, K, such that
Ixll < Ki(lxg 1+ [z 1De 0072,
211 < Ka(lllxig I+ 11124, e =12,
The proof is complete.
Example 4.1 Consider a nonlinear singularly perturbed time delay system

X = -23x+9n(1 + x*(t — 1)) +sinz, xeR', ze R,
(4.13)
ez = x(t — 1) — 4z,

Let h = (1/4)x(t — 1), V=x° W=(z—h)?, then
V' = 2x[—23x + 9In(1 + x*(t — 7)) + sin z]
< —46x% + 18|xx(t — 7)| + 2[x(z — h) + xh]
< —46x> + 9+ 9x(1 — 1) + X2 4+ (z — h)? + X7 + %x(r -7
< =35V + W +10||ViI;

W'=2z—h) E (x(t —1)—4z2) — %(—23x(l —1)
+9In(1 4+ x*(t — 27)) + sin z(¢ — f))]

< —%(z —hy —i—%lz — h|[23|x(t —17)]
+91x(t = 20)| + |=(t — 7) — h(t — D] + |h(t — 7)]]

8 23 23

S—EW+7W+TIIIVAII

9 9 1 1 1 !
WA GV W+ 2N+ W+ Vi

8
5 <_g+9)w+9u|m|u i
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Using the notations of Theorem 4.2,

B -35 1 ~ 10 0
A= 8 . B(r) = ,

then A(,i —i—fiT) +2||B|l < 0. By Theorem 4.2, the singularly perturbed system (4.13)
is exponentially asymptotically stable for all € € (0, €*], where €* = 1/3.

5. CONCLUSIONS

Exponential stability criteria of singularly perturbed systems with time delay are
obtained. Although single delay has been considered only, the study of the exponential
stability criteria can be extended to the case with multiple delays.
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