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In this article, we study the exponential stability of singularly perturbed systems with time delay. By using
vector delay inequalities and Lyapunov functions, exponential stability criteria are derived for both linear
and some classes of nonlinear singularly perturbed systems with time delay. Examples are given to verify
the stability criteria.
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1. INTRODUCTION

Singular perturbation techniques have been highly recognized and applied in a wide
spectrum of fields such as mathematical modeling of physical systems, circuits,
networks, fluid mechanics, etc. [1–8]. The stability properties of the singularly per-
turbed systems have been studied by many researchers. In [9], the stability bound of
the singular perturbation parameter � is found. A criterion in terms of the H1 norm
is derived for a delay-dependent stability bound of the parameter � [10]. Linear
matrix inequality approach is proposed for the stability of singularly perturbed
differential–difference systems [11]. Some results on asymptotical stability of singularly
perturbed systems with small time delay are obtained in [12,13]. The previous studies
have mainly focused on the linear and nonlinear singularly perturbed systems described
by ordinary differential equations (ODEs), and the exponential stability issues have not
been addressed. In this article, we study the exponential stability properties of the
singularly perturbed systems with time delay. By establishing some vector delay
inequalities and using Lyapunov functions, exponential stability criteria for linear
and nonlinear singularly perturbed systems with time delay are derived. Examples
are given to verify the criteria.
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The remainder of this article is organized as follows. Section 2 introduces some
notations, definitions and lemmas. In Section 3, the exponential stability properties
(criteria) for linear singularly perturbed systems with time delay are derived.
Extension of the properties (criteria) to the nonlinear singularly perturbed systems
with time delay are given in Section 4, followed by conclusions in Section 5.

2. PRELIMINARIES

To facilitate the discussion, it is convenient to introduce the following notations,
definitions and lemmas.

Consider a singularly perturbed system with time delay

x0 ¼ f ðt, x, xðt� �Þ, z, zðt� �ÞÞ,

�z0 ¼ gðt, x, xðt� �Þ, zÞ,

(
ð2:1Þ

where x 2 Rn, z 2 Rm are slow and fast state variables, respectively, f and g are contin-
uous for all variables, f ðt, 0, 0, 0, 0Þ � gðt, 0, 0, 0Þ � 0, � is a constant time delay, and �
is a small positive parameter. For the system (2.1), the delayed fast variable is not
included in the fast subsystem for simplicity.

Let xt¼ x(tþ �), � 2 ½��, 0�, xðt, t0, xt0 , zt0Þ, zðt, t0, xt0 , zt0 Þbe the solution of system (2.1)
with initial functions xðt0,t0,xt0 ,zt0 Þ¼xt0 , zðt0,t0,xt0 ,zt0 Þ¼ zt0 , kxk¼ðx2

1þx
2
2þ 


þx2

nÞ
1=2

be the Euclidean norm of vector x, kAk ¼ max1� j�m½
P

n
i¼1a

2
ij�

1=2 be the norm of an

n�m matrix A¼ (aij) and kjxtjk ¼ ð
P

n
i¼1 sup�2½t��, t� kxið�Þk

2Þ
1=2. Let AT be the trans-

pose of n�m matrix A, �(A) the eigenvalues of a n� n matrix A and Re �(A) the
real part of �(A). A symmetric matrix P> 0 is called positive definite, if all of its
eigenvalues are positive. We write x ¼ ðx1, . . . , xnÞ

T
� 0 ð� 0Þ if xi � 0 ð� 0Þ for all

i ¼ 1, . . . , n.

Definition 2.1 System (2.1) is called exponentially stable if, there exist positive
constants K and � such that

kxðtÞk þ kzðtÞk � Kðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ, t 2 ½t0,1Þ,

for all solutions xðtÞ ¼ xðt, t0, xt0 , zt0 Þ, zðtÞ ¼ zðt, t0, xt0 , zt0Þ.

Definition 2.2 A real n� n matrix �, with positive diagonal and nonpositive off-
diagonal elements, is called on M-matrix if all its eigenvalues have positive real part.

LEMMA 2.1 Let A(t) be an n� n matrix of continuous functions defined on the interval
J ¼ ½0, þ1Þ and

(i) Re �ðAðtÞÞ � �c1 < 0, 8t 2 J;
(ii) kAðtÞk � c2, kA0ðtÞk � c2, 8t 2 J;

then there exists a positive definitive matrix P(t) such that

AT ðtÞPðtÞ þ PðtÞAðtÞ ¼ �I ,
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where c1, c2 are constants and I is the identity matrix.

The proof of Lemma 2.1 may be found in [4] and the next lemma is taken from [9].

LEMMA 2.2 Let �,	, u 2 CðR,RþÞ, �ðtÞ � 	ðtÞ > �� > 0 	(t) is bounded and

u0ðtÞ � ��ðtÞuðtÞ þ 	ðtÞ sup
#2½t��, t�

uð#Þ,

then there exists �> 0, such that

uðtÞ � sup
�2½t0��, t0�

uð#Þe��ðt�t0Þ, t � t0

The following lemma will be used frequently in the next two sections.

LEMMA 2.3 Let A(t) and B(t) be defined the same as in Lemma 2.1. Assume that

(i) �ðAðtÞ þ AT ðtÞÞ < ��ðtÞ < 0, B(t) is bounded;
(ii) � �(t)þ 2kB(t)k�� 	<0, 	 is a constant;

(iii) y0ðtÞ � AðtÞyðtÞ þ BðtÞ supt�����t yð�Þ,

where y¼ (y1, y2)
T
� 0; supt�����t yð�Þ ¼ ðsupt�����t y1ð�Þ, supt�����t y2ð�ÞÞ

T . Then there
exists �� > 0, such that

kyk � kjyt0 jke
���ðt�t0Þ, t 2 ½t0 � �,1Þ: ð2:2Þ

Proof Let vðtÞ ¼ kyk2 ¼ yTy, then

dvðtÞ

dt
� yT ðtÞðAT ðtÞ þ AðtÞÞyðtÞ þ 2yT ðtÞBðtÞ sup

t�����t
yð�Þ

� ��ðtÞkyðtÞk2 þ 2kBðtÞkkyðtÞkkjytjk

� ��ðtÞkyðtÞk2 þ kBðtÞkðkyðtÞk2 þ kjytjk
2Þ

� ½��ðtÞ þ kBðtÞk�kyðtÞk2 þ kBðtÞkkjytjk
2

� ½��ðtÞ þ kBðtÞk�vðtÞ þ kBðtÞkkjvtjk:

By condition (ii) and Lemma 2.2, we get (2.2). The proof is complete.

3. LINEAR SYSTEMS

In this Section, we shall study the exponential stability of the following linear singularly
perturbed system with time delay defined by (2.1).

x0 ¼ A11ðtÞxþ A12ðtÞxt þ B11ðtÞzþ B12ðtÞzt,

�z0 ¼ A21ðtÞxþ A22ðtÞxt þ B21ðtÞz,

(
ð3:3Þ

where x 2 Rn, z 2 Rm, xt 2 Cð½t� �, t�,RnÞ, zt 2 Cð½t� �, t�,RmÞ, Aij (t), Bij (t) are
matrices with appropriate dimensions, 1� i, j� 2, �� 0 is a constant and A11(t),
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A21(t), A22(t), B21(t) are continuously differentiable. B21(t) is assumed to be nonsingular
for every t.

(S1): Assume that there exist constants � and 
, such that

Re �ðB21ðtÞÞ � ��, kB21ðtÞk � 
, kB 0
21ðtÞk � 
;

Re �ðA11ðtÞÞ � ��, kA11ðtÞk � 
, kA0
11ðtÞk � 
;

kB�1
21 ðtÞA21ðtÞk � 
, kB�1

21 ðtÞA22ðtÞk � 
,

for all t 2 Rþ.

From (S1) and Lemma 2.1, there exist differentiable positive matrices P1(t) and P2(t),
such that

AT11ðtÞP1ðtÞ þ P1ðtÞA11ðtÞ ¼ �In, ð3:4Þ

BT21ðtÞP2ðtÞ þ P2ðtÞB21ðtÞ ¼ �Im, ð3:5Þ

where In, Im are n� n, m�m identity matrices, respectively. The solutions of (3.4) and
(3.5) are given by

P1ðtÞ ¼

Z 1

0

eA
T
11
ðtÞ�eA11ðtÞ�d�,

and

P2ðtÞ ¼

Z 1

0

eB
T
21
ðtÞ�eB21ðtÞ�d�,

respectively. There exist positive constants M1, M2 and �i,	i (i¼ 1, 2), such that

M1 � kP1ðtÞk �M2; M1 � kP2ðtÞk �M2;

�1kxk
2 � xTP1ðtÞx � 	1kxk

2;

�2kzk
2 � zTP2ðtÞz � 	2kzk

2:

THEOREM 3.1 If (S1) holds, and

(1) there exist functions aij (t), bij (t), i, j¼ 1, 2, satisfying

2xTP1ðA12ðtÞxt þ B11ðtÞzþ B12ðtÞztÞ þ x
TP0

1ðtÞx

� a11ðtÞkxk
2 þ a12ðtÞkjxtjk

2 þ b11ðtÞkz� hk
2 þ b12ðtÞkjðz� hÞtjk

2,

and
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� 2ðz� hÞTP2h
0 þ ðz� hÞTP 0

2ðz� hÞ

� a21ðtÞkxk
2 þ a22ðtÞkj �xxtjk

2 þ b21ðtÞkz� hk
2 þ b22kjðz� hÞtjk

2,

where h ¼ �B�1
21 ðtÞ½A21ðtÞxðtÞ þ A22ðtÞxt�, and ai2(t), bi2(t) are bounded;

(2) there exist positive numbers �� and �, such that �gAðtÞAðtÞ is M-matrix and �ð ~AAþ AÞþ
2k ~BBk � � for all t 2 Rþ, where

gAðtÞAðtÞ ¼

�
1 � a11ðtÞ

	1

b11ðtÞ

�2

a21ðtÞ

�1
�

1 � ��b2ðtÞ

��	2ðtÞ

0BBB@
1CCCA, gBðtÞBðtÞ ¼

a12ðtÞ

�1

b12ðtÞ

�2

a22ðtÞ

�1

b22ðtÞ

�2

0BBB@
1CCCA,

then the singularly perturbed time delay system (3.3) is exponentially asymptotically
stable for all � 2 ð0, ���.

Proof Let Wðt, x, zÞ ¼ ðz� hÞTP2ðtÞðz� hÞ, Vðt, xÞ ¼ xTP1ðtÞx, then the derivative of
W along with system (3.3) is given by

W 0 ¼ ðz0 � h0ÞTP2ðtÞðz� hÞ þ ðz� hÞTP2ðtÞðz
0 � h0Þ

þ ðz� hÞTP 0
2ðtÞðz� hÞ

¼
1

�

�
A21ðtÞxþ A22ðtÞxt þ B21ðtÞz

�
� h0


 �T
P2ðtÞðz� hÞ

þ ðz� hÞTP2ðtÞ
1

�
ðA21ðtÞxþ A22ðtÞxt þ B21ðtÞzÞ � h

0


 �
þ ðz� hÞTP0

2ðtÞðz� hÞ

¼
1

�
ðz� hÞT BT21ðtÞP2ðtÞ þ P2ðtÞB21ðtÞ

� �
ðz� hÞ

� 2ðz� hÞTP2ðtÞh
0 þ ðz� hÞTP0

2ðtÞðz� hÞ

� �
1

�
ð1 � �b21ðtÞÞkz� hk

2 þ a21ðtÞkxk
2

þ a22ðtÞkjxtjk
2 þ b22ðtÞkjðz� hÞtjk

2,
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and the derivative of V¼ xTP1(t)x along with system (3.3) is given by

V 0 ¼ ½A11ðtÞxþ A12ðtÞxt þ B11ðtÞzþ B12ðtÞzt�
TP1ðtÞx

þ xTP1ðtÞ½A11ðtÞxþ A12ðtÞxt þ B11ðtÞzþ B12ðtÞzt�

þ xTP0
1ðtÞx

� xT ðAT11ðtÞP1ðtÞ þ P1ðtÞA11ðtÞÞx

þ 2xTP1ðtÞðA12ðtÞxt þ B11ðtÞzþ B12ðtÞztÞ

þ xTP0
1ðtÞx

� �ð1 � a11ðtÞÞkxk
2 þ a12ðtÞkjxtjk

2

þ b11ðtÞkz� hk
2 þ b12ðtÞkjðz� hÞtjk

2:

The property of �A�(t) being M-matrix implies ((1� ��b21(t))/�
�	2(t)) > 0. Since

�1/� is an increasing function of �, then

V 0 � �
1 � a11ðtÞ

	1
V þ

b11ðtÞ

�2
W þ

a12ðtÞ

�1
kjVtjk þ

b12ðtÞ

�2
kjWtjk

and

W 0 �
a21ðtÞ

�1
V �

1 � �b21ðtÞ

�	2
W þ

a22ðtÞ

�1
kjVtjk þ

b22ðtÞ

�2
kjWtjk

�
a21ðtÞ

�1
V �

1 � ��b21ðtÞ

��	2
W þ

a22ðtÞ

�1
kjVtjk þ

b22ðtÞ

�2
kjWtjk, � 2 ð0, ���:

By Lemma 2.3, it follows that there exists a positive constant �> 0, such that

V � ðkjVt0 jk þ kjWt0 jkÞe
�2�ðt�t0Þ,

and

W � ðkjVt0 jk þ kjWt0 jkÞe
�2�ðt�t0Þ:

Thus, there exists a positive constant K1, such that

kxk � K1ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ ð3:6Þ

because kjðz� hÞt0 jk � kjzt0 jk þ kjht0 jk. Moreover, (3.6) and

kzk � khk � kðz� hÞðtÞk � ð�2Þ
�1=2W1=2

imply that there exists a constant K2 > 0 such that

kzk � K2ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ,

where h ¼ �B�1
21 ðtÞ½A21ðtÞxðtÞ þ A22ðtÞxðt� �Þ�. The proof is complete.
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THEOREM 3.2 Consider the Case 1 of the system (3.3) with constant coefficient

x0 ¼ A11xþ A12xðt� �Þ þ B12zðt� �Þ,

�z0 ¼ A21xþ B21z:

(
ð3:7Þ

Assume that

(1) �ðAT11 þ A11Þ � ��1 < 0; �ðBT21 þ B21Þ � ��2 < 0;

(2) ��1 þ a12 þ b12 þ k ~BBk < 0, where ~BB ¼ a12 b12

a22 b22

� �
,

kA12 � B12B
�1
21 A21k ¼ a12, kB12k ¼ b12, kB�1

21 A21A11k ¼ a21,

kB�1
21 A21A12k ¼ a22, kB�1

21 A21B12k ¼ b22:

then there exists �� such that for any � 2 ð0, ��� system (3.7) is exponentially stable.

Proof We shall prove that the positive constant �� is required to satisfy ��2=�
�þ

a21 þ a22 þ b22 þ k ~BBk � ��1 þ a12 þ b12 þ k ~BBk < 0:
Let h ¼ �B�1

21 A21x, V¼ xTx andW ¼ ðz� hÞT ðz� hÞ. Then the derivative of V along
with the system (3.7) is

V 0 ¼ ðxT Þ0xþ xTx0

¼ ½A11xþ A12xðt� �Þ þ B12zðt� �Þ�Tx

þ xT ½A11xþ A12xðt� �Þ þ B12zðt� �Þ�

¼ xT ½AT11 þ A11�xþ 2xT ½A12xðt� �Þ þ B12zðt� �Þ�

� ��1x
Txþ 2xT ½A12xðt� �Þ þ B12hðt� �Þ þ B12ðzðt� �Þ � hðt� �ÞÞ�

� ��1x
Txþ 2xT ½ðA12 � B12B

�1
21 A21Þxðt� �Þ þ B12ðzðt� �Þ � hðt� �ÞÞ�

� ð��1 þ a12 þ b12ÞV þ a12kjVtjk þ b12kjWtjk:

The derivative of W along with (3.7) is

W 0 ¼ ½ðz� hÞT �0ðz� hÞ þ ðz� hÞT ðz� hÞ0

¼
1

�
ðA21xþ B21zÞ þ B

�1
21 A21½A11xþ A12xðt� �Þ þ B12zðt� �Þ�

� �T
� ðz� hÞ þ ðz� hÞT

1

�
ðA21xþ B21zÞ þ B

�1
21 A21½A11xþ A12xðt� �Þ þ B12zðt� �Þ�

� �
� �

�2

�
ðz� hÞT ðz� hÞ þ 2ðz� hÞTB�1

21 A21½A11xþ A12xðt� �Þ þ B12zðt� �Þ�

� �
�2

�
kz� hk2 þ 2kðz� hÞk ½a21kxk þ a22kjxtjk þ b22kjwtjk�

� �
�2

�
þ a21 þ a22 þ b22


 �
W þ a21V þ a22kjVtjk þ b22kjWtjk:
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In view of (2) and Lemma 2.3, for any � 2 ð0, ��Þ, there exists �> 0 such that

kxk2 ¼ V � ½kjVt0 jk þ kjWt0 jk�e
�2�ðt�t0Þ

kz� hk2 ¼W � ½kjVt0 jk þ kjWt0 jk�e
�2�ðt�t0Þ:

Similar to the proof of Theorem 3.1, it follows that there exists K> 0, such that

kxk � K ½kjxt0 jk þ kjzt0 jk�e
��ðt�t0Þ

kzk � K ½kjxt0 jk þ kjzt0 jk�e
��ðt�t0Þ:

The proof is complete.

Example 3.1 Consider the system

x0 ¼ �2xþ zðt� �Þ,

�z0 ¼ 3x� 3z:

(
ð3:8Þ

Using the notations of Theorem 3.2, we have

(1) �1¼ 4; �2¼ 6; a12¼ 1; a21¼ 2; a22¼ 0; b12¼ 1; b22¼ 1; B� ¼ 1 1
0 1

� �
and

(2) ��1 þ a12 þ b12 þ k ~BBk < 0,

By Theorem 3.2, there exists �� ¼ 1.2 such that for any � 2 ð0, ��� system (3.8) is
exponentially stable.

THEOREM 3.3 Consider the Case 2 of the system (3.3) with constant coefficient

x0 ¼ A11xþ B11zðtÞ,

�z0 ¼ A22xðt� �Þ þ B21z:

�
ð3:9Þ

Assume that

(1) �ðAT11 þ A11Þ � ��1 < 0; �ðBT21 þ B21Þ � ��2 < 0;

(2) ��1 þ a12 þ b11 þ k ~BBk < 0, where ~BB ¼ a12 0
a22 b22

� �
,

kB11B
�1
21 A22k ¼ a12, kB11k ¼ b11, kB�1

21 A22A11k ¼ a22,

kB�1
21 A22B11B

�1
21 A22k ¼ a�22, kB1

21A22B11k ¼ b22:

then there exists �� such that for any � 2 ð0, ��� system (3.9) is exponentially stable.

Proof We shall prove that the positive number �� is required to satisfy ��2=�
�þ

a22 þ b22 þ kB�k � ��1 þ a12 þ b11 þ kB�k < 0 is required.
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Let h ¼ �B�1
21 A22xðt� �Þ, V ¼ xTx and W ¼ ðz� hÞT ðz� hÞ. Then the derivative of

V along with the system (3.9) is

V 0 ¼ ðxT Þ0xþ xTx0 ¼ ½A11xþ B11zðtÞ�
Txþ xT ½A11xþ B11zðtÞ�

¼ xT ½AT11 þ A11�xþ 2xT ½B11ðz� hÞ þ B11B
�1
21 A22xðt� �Þ�

� ð��1 þ a12 þ b11ÞV þ a12Vðt� �Þ þ b11W :

The derivative of W along (3.9) is

W 0 ¼ ½ðz� hÞT �0ðz� hÞ þ ðz� hÞT ðz� hÞ0

¼
1

�
ðA22xðt� �Þ þ B21zÞ þ B

�1
21 A22½A11xðt� �Þ þ B11zðt� �Þ�

� �T
ðz� hÞ

� ðz� hÞT
1

�
ðA22xðt� �Þ þ B21zÞ þ B

�1
21 A22½A11xðt� �Þ þ B11zðt� �Þ


 �
� �

1

�
ðz� hÞT ðBT21 þ B21Þðz� hÞ þ 2ðz� hÞTB�1

21 A22

� ½A11xðt� �Þ þ B11ðzðt� �Þ � hðt� �ÞÞ þ B11B
�1
21 A22xðt� 2�Þ�

� �
�2

�
kz� hk2 þ ða22 þ a

�
22 þ b22Þkz� hk

2 þ a22kjxðt� �Þjk2

þ b22kjðz� hÞðt� �Þjk2 þ a�22kjxðt� 2�Þjk2

� �
�2

�
þ a22 þ a

�
22 þ b22


 �
W þ ða22 þ a

�
22ÞkjVtjk þ b22kjWtjk:

In view of (2) and Lemma 2.3, for any � 2 ð0, ��Þ, there exists �> 0 such that

kxk2 ¼ V � ½kjVt0 jk þ kjWt0 jk�e
�2�ðt�t0Þ,

kz� hk2 ¼W � ½kjVt0 jk þ kjWt0 jk�e
�2�ðt�t0Þ:

Similar to the proof of Theorem 3.1, it follows that there exists K> 0, such that

kxk � K ½kjxt0 jk þ kjzt0 jk�e
��ðt�t0Þ,

kzk � K ½kjxt0 jk þ kjzt0 jk�e
��ðt�t0Þ:

The proof is complete.

Example 3.2 Consider the system

x0 ¼ �2xþ zðtÞ,

�z0 ¼ 3xðt� �Þ � 6z:

�
ð3:10Þ
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Using the notations of Theorem 3.3, we have

(1) �1¼ 4; �2¼ 6; a12 ¼1=2; a22 ¼1; a�22 ¼1=4; b22 ¼1=2; b11¼ 1;
1=2 0

1 1=2

� �
(2) ��1 þ a12 þ b11 þ k ~BBk < 0.

By Theorem 3.3, set �� ¼ 3 then for any � 2 ð0, ��� system (3.10) is exponentially stable.

The study of Cases 1 and 2 demonstrate the obtained stability criteria of Theorem 3.1.
Other cases of system (3.7) can be studied similarly.

4. NONLINEAR SYSTEMS

Consider a nonlinear autonomous singularly perturbed system

x0 ¼ f ðx, xt, z, ztÞ, x 2 Rn, z 2 Rm,

�z0 ¼ B21zþ Bðx, xtÞ,

(
ð4:11Þ

where f ðx,xt,z,ztÞ¼A11xþgðx,xt,z,ztÞ and f ð0,0,0,0Þ�0, Bð0,0Þ�0, xt2Cð½t��,t�,RnÞ,
0 � � < 1. Assume that (4.11) has a unique equilibrium at the origin x ¼ ð0, . . . , 0ÞT ,
z ¼ ð0, . . . , 0ÞT and f, B are smooth enough to ensure that, for continuous initial func-
tions, (4.11) has a unique solutions.

(S2): Assume that there exists positive constant c such that

Re �ðA11Þ � �c; Re �ðB21Þ � �c,

If (S2) holds, then there exist positive matrices P1 and P2, such that

BT21P2 þ P2B21 ¼ �Im,

AT11P1 þ P1A11 ¼ �In,

where Im, In are the identity matrices, and positive constants �i, 	i (i¼ 1, 2) such that

�ikxk
2 � xTPix � 	ikxk

2; i ¼ 1, 2:

THEOREM 4.1 Suppose that (S2) holds and

(1) there exist constants aij, bij, i, j¼ 1, 2, such that

�2ðz� hÞTP2h
0 � a21kxk

2 þ a22kjxtjk
2 þ b21kz� hk

2 þ b22kjðz� hÞtjk
2,

2xTP1gðx, xt, z, ztÞ � a11kxk
2 þ a12kjxtjk

2 þ b11kz� hk
2 þ b21kjðz� hÞtjk

2,

where h ¼ �A�1ðxÞBðx, xtÞ;
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(2) there exist �� and � such that � ~AA is a M-matrix and �ðð ~AAÞT þ ~AAÞ þ 2k ~BBk � �� where

~AA ¼

�
1 � a11

	1

b11

�1

a21

�2
�

1 � ��b21

��	2

0BBB@
1CCCA, gBðtÞBðtÞ ¼

a12

�1

b12

�2

a22

�1

b22

�2

0BB@
1CCA,

then the nonlinear singularly perturbed time delay system (4.11) is exponentially
asymptotically stable for all � 2 ð0, ��Þ:

Proof Let W ¼ ðz� hÞTP2ðz� hÞ, V¼ xT P1x. The derivative of W along with system
(4.11) is given by

W 0 ¼ ðz0 � h0ÞTP2ðz� hÞ þ ðz� hÞTP2ðz
0 � h0Þ

¼
1

�
ðB21zþ Bðx, xtÞÞ � h

0


 �T
P2ðz� hÞ

þ ðz� hÞTP2
1

�
ðB21zþ Bðx, xtÞÞ � h

0


 �
¼

1

�
ðz� hÞT ½BT21P2 þ P2B21�ðz� hÞ � 2ðz� hÞTP2h

0

� �
1

�
ð1 � �b21Þkz� hk

2 þ a21kxk
2

þ a22kjxtjk
2 þ b22kjðz� hÞtjk

2:

The derivative of V¼ xTP1x along with system (4.11) is given by

V 0 ¼ ðA11xþ gðx, xt, z, ztÞÞ
TP1xþ x

TP1ðA11xþ gðx, xt, z, ztÞÞ

� xT ðAT11P1 þ P1A11Þxþ 2xTP1gðx, xt, z, ztÞ

� �ð1 � a11Þkxk
2 þ a12kjxtjk

2 þ b11kz� hk
2 þ b12kjðz� hÞtjk

2:

Similar to the proof of Theorem 3.1, there exists a positive constant �> 0, such that
for any � 2 ð0, ��Þ,

V � ðkjVt0 jk þ kjWt0 jkÞe
��ðt�t0Þ,

W � ðkjVt0 jk þ kjWt0 jkÞe
��ðt�t0Þ,

and there exist positive constants K1, K2 such that

kxk � K1ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ=2,

kzk � K2ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ=2:

The proof is complete.
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THEOREM 4.2 Consider a special Case of system (4.11) with constant coefficient

x0 ¼ A11xþ A12ðxðt� �ÞÞ þ B11ðzÞ, x 2 Rn, z 2 Rm,

�z0 ¼ A22xðt� �Þ þ B21z,

(
ð4:12Þ

where A11, A22 and B21 are constant matrices, A12, and B11 are continuous functional
vectors.
Assume that

(1) �ðAT11 þ A11Þ � �1 < 0, �ðBT21 þ B21Þ � �2 < 0;
(2) there exist aij� 0, bij� 0, i, j¼ 1, 2, such that

2xT ðA12ðxðt� �ÞÞ þ B11ðzÞÞ � a11kxk
2 þ a12kjxtjk

2 þ b11kz� hk
2 þ b12kjðz� hÞtjk

2,

2ðz� hÞTB�1
21 A22ðA11xðt� �Þ þ A12ðxðt� 2�ÞÞ þ B11ðzðt� �ÞÞÞ

� a22kjxtjk
2 þ b21kz� hk

2 þ b22kjðz� hÞtjk
2,

where h ¼ B�1
21 A22xðt� �Þ;

(3) �ð ~AAþ ~AAT Þ þ 2k ~BBk < 0, where

~AA ¼

��1 þ a11 b11

a21 �
�2

�
þ b21

0@ 1A, gBðtÞBðtÞ ¼
a12 b12

a22 b22

0@ 1A,

then there exists a ��> 0 such that the singularly perturbed system (4.12) is exponentially
asymptotically stable for all � 2 ð0, ���.

Proof Let Wðt, x, zÞ ¼ ðz� hÞT ðz� hÞ, Vðt, xÞ ¼ xTx. The derivative of W along with
system (4.12) is given by

W 0 ¼ ðz0 � h0ÞT ðz� hÞ þ ðz� hÞT ðz0 � h0Þ

¼
1

�
ðA22xðt� �Þ þ B21zÞ þ B

�1
21 A22ðA11xðt� �Þ þ A12ðxðt� 2�ÞÞ



þ B11ðzðt� �ÞÞÞ

�T
ðz� hÞ þ ðz� hÞT

1

�
ðA22xðt� �Þ þ B21zÞ



þ B�1

21 A22ðA11xðt� �Þ þ A12ðxðt� 2�ÞÞ þ B11ðzðt� �ÞÞÞ

�
�

1

�
ðz� hÞT ðBT21 þ B21Þðz� hÞ

þ a22kjxtjk
2 þ b21kz� hk

2 þ b22kjðz� hÞtjk
2

� �
1

�
�2 þ b21

� �
kz� hk2 þ a22kjxtjk

2 þ b22kjðz� hÞtjk
2

� �
1

�
�2 þ b21

� �
W þ a22kjVtjk þ b22kjWtjk;
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the derivative of V¼ xTP1x along with system (4.12) is given by

V 0 ¼ ðA11xþ A12ðxðt� �ÞÞ þ B11ðzÞÞ
Txþ xT ðA11xþ A12ðxðt� �ÞÞ þ B11ðzÞ

¼ xT ðAT11 þ A11Þxþ 2xT ðA12ðxðt� �ÞÞ þ BT11ðzÞÞ

� ��1kxk
2 þ a11kxk

2 þ a12kjxtjk
2 þ b11kz� hk

2 þ b12kjðz� hÞtjk
2

� ð��1 þ a11ÞV þ a12kjVtjk þ b11W þ b12kjWtjk:

Similar to the proof of Theorem 3.1, there exists a positive constant �> 0, such that
for any � 2 ð0, ��Þ,

V � ðkjVt0 jk þ kjWt0 jkÞe
��ðt�t0Þ,

W � ðkjVt0 jk þ kjWt0 jkÞe
��ðt�t0Þ,

and there exist positive constants K1, K2 such that

kxk � K1ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ=2,

kzk � K2ðkjxt0 jk þ kjzt0 jkÞe
��ðt�t0Þ=2:

The proof is complete.

Example 4.1 Consider a nonlinear singularly perturbed time delay system

x0 ¼ �23xþ 9lnð1 þ x2ðt� �ÞÞ þ sin z, x 2 R1, z 2 R1,

�z0 ¼ xðt� �Þ � 4z,

(
ð4:13Þ

Let h ¼ ð1=4Þxðt� �Þ, V¼ x2, W¼ (z� h)2, then

V 0 ¼ 2x½�23xþ 9lnð1 þ x2ðt� �ÞÞ þ sin z�

� �46x2 þ 18jxxðt� �Þj þ 2½xðz� hÞ þ xh�

� �46x2 þ 9x2 þ 9xðt� �Þ2 þ x2 þ ðz� hÞ2 þ x2 þ
1

16
xðt� �Þ2

� �35V þW þ 10kjVtjk;

W 0 ¼ 2ðz� hÞ
1

�
ðxðt� �Þ � 4zÞ �

1

4
ð�23xðt� �Þ



þ 9lnð1 þ x2ðt� 2�ÞÞ þ sin zðt� �ÞÞ

�
� �

8

�
ðz� hÞ2 þ

1

2
jz� hj

�
23jxðt� �Þj

þ 9jxðt� 2�Þj þ jzðt� �Þ � hðt� �Þj þ jhðt� �Þj
�

� �
8

�
W þ

23

4
W þ

23

4
kjVtjk

þ
9

4
W þ

9

4
kjVtjk þ

1

4
W þ

1

4
kjWtjk þ

1

4
W þ

1

64
kjVtjk

� �
8

�
þ 9

� �
W þ 9kjVtjk þ kjWtjk:
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Using the notations of Theorem 4.2,

~AA ¼

�35 1

0 �
8

�
þ 9

0@ 1A, gBðtÞBðtÞ ¼
10 0

9 1

0@ 1A,

then �ð ~AAþ ~AAT Þ þ 2k ~BBk < 0. By Theorem 4.2, the singularly perturbed system (4.13)
is exponentially asymptotically stable for all � 2 ð0, ���, where �� ¼ 1=3.

5. CONCLUSIONS

Exponential stability criteria of singularly perturbed systems with time delay are
obtained. Although single delay has been considered only, the study of the exponential
stability criteria can be extended to the case with multiple delays.
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